Google 



This is a digital copy of a book that was preserved for generations on library shelves before it was carefully scanned by Google as part of a project 

to make the world's books discoverable online. 

It has survived long enough for the copyright to expire and the book to enter the public domain. A public domain book is one that was never subject 

to copyright or whose legal copyright term has expired. Whether a book is in the public domain may vary country to country. Public domain books 

are our gateways to the past, representing a wealth of history, culture and knowledge that's often difficult to discover. 

Marks, notations and other maiginalia present in the original volume will appear in this file - a reminder of this book's long journey from the 

publisher to a library and finally to you. 

Usage guidelines 

Google is proud to partner with libraries to digitize public domain materials and make them widely accessible. Public domain books belong to the 
public and we are merely their custodians. Nevertheless, this work is expensive, so in order to keep providing tliis resource, we liave taken steps to 
prevent abuse by commercial parties, including placing technical restrictions on automated querying. 
We also ask that you: 

+ Make non-commercial use of the files We designed Google Book Search for use by individuals, and we request that you use these files for 
personal, non-commercial purposes. 

+ Refrain fivm automated querying Do not send automated queries of any sort to Google's system: If you are conducting research on machine 
translation, optical character recognition or other areas where access to a large amount of text is helpful, please contact us. We encourage the 
use of public domain materials for these purposes and may be able to help. 

+ Maintain attributionTht GoogXt "watermark" you see on each file is essential for in forming people about this project and helping them find 
additional materials through Google Book Search. Please do not remove it. 

+ Keep it legal Whatever your use, remember that you are responsible for ensuring that what you are doing is legal. Do not assume that just 
because we believe a book is in the public domain for users in the United States, that the work is also in the public domain for users in other 
countries. Whether a book is still in copyright varies from country to country, and we can't offer guidance on whether any specific use of 
any specific book is allowed. Please do not assume that a book's appearance in Google Book Search means it can be used in any manner 
anywhere in the world. Copyright infringement liabili^ can be quite severe. 

About Google Book Search 

Google's mission is to organize the world's information and to make it universally accessible and useful. Google Book Search helps readers 
discover the world's books while helping authors and publishers reach new audiences. You can search through the full text of this book on the web 

at |http: //books .google .com/I 



5', 4 i'o 



^ ') 



'"■mit-- ,. 




3 2044 097 010 052 



.. '/-'^ 




/tt'c--^ 



/ / 











Af 



ELEMENTARY TREATISE 



ON 



ALGEBRA: 



TO WHICH ARE ADDED 



EXPONENTIAL EQUATIONS 



▲NO 



LOGARITHMS. 



By benjamin PEUtCJ'., A. M., 

PSRikl.NS PROFESSOR OF ASTROHOMr AND MAlJl£MATiCii IN 
HARVARD UMTXRaiTT. 



NEW KDITIOX, 



^BOSTON: 
WILLIAM H. DENNET. 

1865. 









Entered acooi ling to Act of Oongi«M8, in the yiuur 1H64. by 

WlLLTAM TI. DkNNKT, 
in the Clerk's Office of the District Court ot the DL<<trict at UHdMachuKetts 



CONTENTS. 



ALGEBRA. 
CHAPTER I. 

FUNDAMENTAL PROCESSES OF ALGEBRA . 1 

SFXTPON I. Definitions and Notation I 

II. Addition 7 

in. . Subtraction. . * 8 

IV. Multiplication 9 

V. Division • • • .14 

CHAPTER II. 

FRACTIONS AND PROPORTIONS. , . » 26 

SECTION I. Reduction of Fractions , SH 

II. Addition and Subtraction of Fractions. ... 38 

III. Multiplication and Division of Fractions. . . 40 

IV. Proportions '13 

CHAPTER III. 

EQUATIONS OF THE FIRST DEGREE. . . 60 

SECTION I. Putting Problems into Fqnntions 60 

II. Reduction and Classificntion of Rquitions. . . 69 

III. Solution of Equations of the First Degree, with one 

unknown quantity 65 

IV. Equations of the First Degree containing two or 

more unknown quantities 85 

CHAPTER IV. 
NUMERICAL EQUATIONS. . • • .110 

SECTION I. Indeterminate Coefficienta 110 

II. Derivation 113 

III. Numerical CquaUons 117 



I¥ CONTENTS. 

CHAPTER V. 

POWERS AND ROOTS. ... 190 

SECTION I. Powers and Roots or Monomials. . . . • 130 

II. Calculus of Radical Quantities. • • • . 13S 

III. Powers of Polynomials. ..••.. 141 

IV. Roots of Polynomials 150 

V. Binomial Equations. • 155 

CHAPTER VI. 

EQUATIONS OF THE SECOND DEGREE. . 161 

CHAPTER VII. 

PROGRESSIONS 186 

SECTION I. Arithmetical Progression 186 

II. Geometrical Progression. 195 

CHAPTER VIII. 

GENERAL THEORY OF EQUATIONS. . . 201 

SECTION I. Composition of Equations SOI 

II. Equal Roots 210 

III. Real Roots , • . • 214 

CHAPTER IX. 

CONTINUED FRACTIONS 248 



EXPONENTIAL EQUATIONS AND LOGARITHMS. 

SFXTION I. Exponential Equations 263 

II. Nature and Properties of Logarithms. • • 266 

III. Common Logarithms and their Uses. . • • 270 



ALGEBRA. 



CHAPTER I. 

FUNDAMENTAL PROCESSES OF ALGEBRA. 

SECTION I. 
Definitions and Notation. 

1. Algebra, according to the usual definition, is 
that branch of mathematics in which the quantities 
considered are represented by the letters of the 
alphabet, and the operations to be performed upon 
them are indicated by signs. In this sense it would 
embrace almost the whole science of mathematics, 
elementary geometry alone being excepted. It is, 
consequently, subject in common use to some limita- 
tions, which will be more easily understood, when 
we are advanced in the science. 

2. The sign + is called plus or more, or the post- 
live sign, and placed between two qusuitities denotes 
that they are to be added together. 

Thus 3 -|- 5 is 3 plus or more 5, and denotes the sum of 
3 and 5. Likewise a-\-h va the sum of a and 6, or of the 
quantities which a and b represent. 

4 
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Signs of Addition, Subtraction, Multiplication, aad Division. 

3. The sign — is called minus or less^ or the 
negative sign, and placed between two quantities 
dL3notes that the quantity which follows it is to be 
subtracted from the one which precedes it. 

Thus 7 — 2 is 7 minus or less 2 and denotes the remain* 
der after subtracting 2 from 7. Likewise a — 6 is the 
remainder after subtracting 6 from a. 

4. The sign X is called the sign of multiplication, 
and placed between two quantities denotes that they 
are to be multiplied together. A point is often used 
instead of this sign, or, when the quantities to be 
multiplied together are represented by letters, the 
sign may be altogether omitted. 

Thus 3 X 5 X 7, or 3.5.7 is the continued product of 
3, 5, and 7. Likewise 12 X a X 6, or 12 . a . 5, or 12 a b, 
is the continued product of 12, a, and b. 

5. The factor of a product is sometimes called 
its coefficient f and the numerical factor is called the 
numerical coefficient. When no coetficient is writ- 
ten, the coefficient may be considered to be unity. 

Thus, in the expression 15 a 6, 15 is the numerical co- 
efficient of a 6 ; and, in the expression xy, I may be re- 
garded as the coefficient of x y, 

6. The continued product of a quantity multiplied 
repeatedly by itself, is called the power of the quan- 
tity; and the number of times, which the quantity 
is taken as a factor, is called the exponent of the 
power. 

The power is expressed by writing the quantity 
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Coefficient. Power. Root. 



once with the exponent to the right of the quantity, 
and a little above it. When no exj)onent is written, 
the exponent may be considered to be unity. 

Thus the (ifth power of a is written a*; but when a stands 
by itself, it may be regarded as a^ 

7. The root of a quantity is the quantity which, 
multiplied a certain number of times by itself, pro- 
duces the given quantity ; and the index of the root 
IS the number of times which the root is contained 
as a factor in the given quantity. 

The sign V"" is called the radical sign, and when 
prefixed to a quantity indicates that its root is to be 
extracted, the index of the root being placed to the 
left of the sign and a little above it. The index 2 is 
generally omitted, and the radical sign, without uuy 
iiidex, is regarded as indicating the second or square 
root. 

Thus, ^a or ^a is the square root of a, 

3 

x/a is the third or cube root of a, 
s/a is the fourth root of a, 
^/a is the nth root of a. 

8. The signs -t- and : are called the signs of di- 
vision, and either of them placed between two quan- 
tities denotes that the quantity which precedes it is 
to be divided by the one which follows it. The 
process of division is also indicated by placing the 
dividend over the divisor with a line between thein. 

Thus, a -5- 6, or a : 6, or - denotes the quotient of a tji- 

b 
vided by 6. 
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Signs of Equality and Inequality. Algebraic Qu:intity. 
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•9. The sign = is called equal to, and placed be- 
tween two quantities denotes that they are equal to 
each other, and the expression in which this sign 
occurs is called an equation. 

Thus, the equation a = 6 denotes that a is equal to 6. 

10. The sign > is called greater than, and the iign 
< is called less than ; and the expression in which 
either of these signs occurs is called an inequality. 

Thus, the inequality a^b denotes that a is greater than 
6; and the inequality a<^b denotes that u is less than 6; 
the greater quantity being always placed at the opening of 
the sign. 

11. An algebraic quantity is any quantity written 
in algebraic language. 

12. An algebraic quantity, in which the letters 
are not separated by the signs + stnd — , is called a 
monomial, or a quantity composed of a single term, 
or simply a term. 

Thus, 3 a^, — 10 o^ z'are monomials. 

13. An algebraic expression composed of several 
terms, connected together by the signs + and — , 
is called a polynomial, one of two terms is called a 
binomial, one of three a trinomial, &c. 

Thus, a^ -j- 6 is a binomial, 

c -|- X — y is a trinomial, &c. 

14. The value of a polynomial is evidently not 
affected by changing the order of its terms. 

Thus, a — 6 — c -{- ff is the same as a — c — b -^(f, oi 
a-f-rf — 6 — c, or — b-^-d-^-a — c, &c. 
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Degree, Dimension, Vinculum, Bar, Parenthesis, Simihu" Terms. 

15. Each literal factor of a term is called a dinieii" 
sion, and the degree of a term is the number of its 
dimensions. 

The degree of a term is, therefore, found by talcing 
the sum of the exponents of its literal factors. 

Thus, 7x is of one dimension, or of the first degree ; 
5 fl^ 6 c is of four dimensions, or of the fourth degree, &c. 

16. A polynomial is homogeneous, when all its 
terms are of the same degree. 

Thus, Sa — 26-j-c is homogeneous of the first degree, 
8 a^ b — 16 «2 ^2 _|_ ^4 jg homogeneous of the tburih degree. 

17. A vinculum or bar , placed over a 

quantity, or a parenthesis ( ) enclosing it, is used to 
express that all the terms of the quantity are to be 
considered together. 

Thus, (a -\'b-\-c) xdis the product of « -}- 6 -j- ^ ^Y ^> 
x/x^-^-j/^, or v^ (^^-f-y^) is tl^6 square root of i^-j-^^. 

The bar is sometimes placed vertically. 



Thus. a x-4-5a^ r^ — 3 c 

— 1 



:c3 



26 +3 
4-3c| —2d 

is the same as 

(a—26 + 3c) 1+ (5 «2^3 — 2rf) 2^+ (—3 c-f-4 r/— 1) i» 



18. Similar terms are those in which the literal 
factors are identical. 

Thus, lab and — 3 cr 6 are similar terms, 
and — 5 a* b^ and 3 a^ h^ are similar ; 

hut 2 a^ b^ and 2 n^ b^ are not similar. 
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Reduction of Polynomials. 
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19. The terms of a polynomial which are preceded 
by the sign -{- are called the positive terms, and those 
which are preceded by the sign — are called the 
negative terms. 

When the first term is not preceded by any sign it 
is to be regarded as positive. 

20. The following rule for reducing polynomials, 
which contain similar terms, is too obvious to require 
demonstration. 

Fi7id the sum of the similar positive terms hy add- 
ing their coefficients^ and in the same way the svm 
of the similar negative terms. The difference of 
these Slims preceded hy the sign of the greater^ may 
he suhsHtuted as a sifigle term, for the tei^ms from 
which it is obtained. 

When these sums are equal they cancel each other , 
and the coiTesponding terms are to be omitted. 

Thus, flS 6 — 9 // 6'2 + 8^2 6 + 5 c — 3 ry2 /> ^ 8 a 62 ^ 
2 a2 6 _^ c -f- a 6- — 8 c is the same asSa^b — 2 c. 



21. EXAMPLES. 

1. Reduce the polynomial 10 a^ -|- 3 o* -j- 6 a* — a* — 
5 a^ to its simplest form. Ans. 13 a^. 

2. Reduce the polynomial 5 a'* b -^^ y/ a b^ c — 7 a /» -|- 

\7ab-{-2^ab^c — 6a^b-^8^ab^c — l0ab-^9a'^b 
to its simplest form. Ans. 8a*b — 3 ^Z « 6^ c. 

3. Reduce the polynomial 3 r/ — 2 « — 7/+ 3/ -j- 2 a 
-J- 4f — 3 a to its simplest form. Ans. U. 
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SECTION n. 

Addition. 

22. Addition consists m finding the quantity 
equivalent to the aggregate or S7im of several differ- 
ent quantities. 

23. Problem, To find the sum of any given 
quantities. 

Solution, The following solution requires no de- 
monstration. 

The quantities to be added are to be written after 
each other with the proper sign between the^n, and 
the polynomial thus obtairied can be reduced to its 
simplest form, by art, 20. 

24. EXAMPLES. 

1. Find the sum of a and a. Ans, 2 a. 

2. Find the sura of 1 1 x and 9 x, Ans. 20 x, 

3. Find the sum of 1 1 x and — 9x, Ans, 2 x, 

4. Find the sum of — 11 x and 9x. Ans. — 2x. 

5. Find the sum of — 1 1 x and — 9 x. Ans, — 20 x 

6. Find the sum of a and — 6. Ans, a — b, 

7. Find the sum of —6/, 9/, 13/, and —8/. Ans. 8/. 

8. Find the sum of — 12 6, — 46 and 13 6. Ans. — 3 b. 

9. Find the sum of ^x +ax — a b, a b — ^/^ -j- ^J y, 
ax-4-xy — 4a 6, ^x + \/x — - x and x y -f- x y 4- « x. 

Ans. 2 y/x -f-3(jfx — 4ab'\-^x y — x. 
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10. Find the sum of 7 x2 — 6 ^7+ 5 2^ z + 3 — ^ 

_x2 3 — v/^ —S — g 

— x3+ v'r— 3x32— 1+7^ 
— 2x2 -j- 3 \/^+ 3 a:3 2 — 1 — ^ 
xg-fSy/r— 5x8 2 + 9 — g- 

Ans. 4x2 4-3^/7 +2 + 5^. 



SECTION m. 

Subtraction. 

25. Subtraction consists in finding the difference 
between two quantities. 

26. Problem. To subtract one quantity from 
another. 

Solution, Let A denote the aggregate of all the positive 
terras of the quantity to be subtracted, and B the aggregate 
of all its negative terms; then A — B is the quantity to be 
subtracted, and let C denote the quantity from which it is 
to be taken. 

If il alone be taken from C, the remainder C — A is as 
much too small as the quantity subtracted is too large, that 
is, as much as A is larger than A — B, The required re- 
mainder is, consequently, obtained by increasing C — A by 
the excess of A above A — JB, that is, by B, and it is thus 
found to be C — A -^^ B. 

The same result would be obtained by adding to C the 
quantity A — B, with its signs reversed, so as to make it 
— A-\^ B. Hence, 

To subtract one quantity from another, change the 
sig7is of the quantity to be subtracted from -\- to — . 
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Multiplication of Monomials. 



and from — to -{-, and add it with its signs thus re- 
versed to the quantity from which it is to be taken. 

27. EXAMPLES. 

1. From a take 6 -[- c. Ans. a — b — c, 

2. From a take — 6. Ans, a-^L 

3. From 5 a take — 5 a. Ans 10 a. 

4. From 7 a take 12 a. Ans, — 5 a. 

5. From — 19 a take — 20 a. Ans, a, 
(k From 12 take — 7. Ans, 19. 
7. From — 2 take 5. Ans, — 7. 
a From — 11 take —20. Ans. 9. 

9. FromSa— 17 6— 10 6 + 13a--2a 

take 6 6 — 8 a — 6 — 2 </ + 3 d +9 a — 5 A. 

Ans, 15 a — 32 6 — 3 rf + 5 A. 

10. Reduce 32 a -{- 3 6 — (5 a -}- 17 6) to its simplest 
form. An> 27 a — 14 6. 

11. Reduce 04-6— (2 a— 36)— (5 a + 7 6) — 
( — 13 a + 2 6) to its simplest form. Ans. 7 a — 56. 

SECTION IV. 

Multiplication. 

28. Problem. To find the continued product of 
several monomials. 

Solution, The required product is indicated by writing 
the given monomials ailer each other with the sign of multi- 
plication between them, and thus a monomial is formed, 
which is the continued product of all the factors of the given 
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monomials. But, as the order of the factors may be changed 
at pleasure, the numerical factors may all be united in one 
product. 

Hence the coefficient of the product of given mono* 
mials is the product of their coefficients. 

The different powers of the same letter may also be 
brought together, and since, by art. 6, each exponent de- 
notes the number of times which the letter occurs as a factor 
ill the corresponding term, the number of times which it 
occurs as a factor in the product must be equal to the sum 
of the exponents. 

Hence evert/ letter which is contained in any of 
the given factors must he written in the product, with 
an exponent equal to the sum of all its exponents in 
the different factors, 

29. EXAMPLES. 

1 . Multiply ahhy cde. Arts, ab cde, 

'2. Find the continued product of 3 a 6, 2 c rf, and efg^ 

Arts, 6 abc (fefg. 

3. Multiply a"* by a". Ans. a"*+*». 

4. Find the continued product of 5 a*, a'^, 7 a^, and 3 aP, 

Ans, 105 o2i. 

5 Multiply 7 a^ b^ by 10 a b^ c^ d, Ans. 70 a^ W c^ d. 

6. Find the continued product of 5 a^ 6^, a^ 6®, and 
A ab^ c. Ans, 20 a^ b^^ c. 

7. Find the cantinued product of a"* 6p c?, a'*6'*c', and 

«"»+'» 5. Ans. o2m + 2n5p4-r+l gg+* 

30. Problem. To find the product of troo poly^ 
nomials. 
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Multiplication of Polynomials. 

Solution. Denote the aggregate of all the positive terms 
of one factor by A and of the other by jB, and thosse of their 
negative terms respectively by C and D\ and, then, the fac- 
tors are A — C and B — Z>. 

Now if A — C is multiplied by B it is taken as many 
times too oflen as there are units in Z> ; so thut the required 
product must be the product of ^ — C by B, diminished 
by the product of -4 — C by D; that is, 

(A — C) {B — D) = {A — C) B -^ {A-- C) D. 

Again, by similar reasoning, the product of il — C by B, 
that is, of jB by A — C, must be 

{A — C)B = AB--BC, 

and that of (4 — C) by D must be 

{A-^C)D = AD — CD; 

and, therefore, the required product is, by art. 26, 

(A — C){B-^D)= AB— BC-- AD -f- CD, 

The positive terms of this product, AB and CD, are ob- 
tained from the product of the positive terms A and B^ or 
from that of the neorative terms — C and — D : but the 
negative terms of the product, as — BC and — AD^ are 
obtained from the product of the negative term of one factor 
by the positive term of the other, as — C by i? or — Dby A. 
Hence, 

The product of two polynomials is obtained by 
multiplying each term of one factor by each term of 
the other ^ as in art. 28, and the product of two terms 
which have the same sign is to be affected with the 
sign +, while the product of two terms which have 
contrary signs is to be affected by the sign — . 

The result is to be reduced as in art, 20. 



1 
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31. EXAMPLES. 

1. Multiply x^ 4" y^ by a? + y. 

2. Multiply x*-|-2^®-j-7axby az-^5az. 

Ans, 6 a x6 -f. 6 a x2^6 ^ 42 aS 22. 

3. Multiply — a by 6. Ans, — ab. 

4. Multiply a by — h, Ans, — ah, 

5. Multiply — a by — h. Ans, ab. 

6. Multiply — 3 a by 14 c. Ans. — 42 a c. 

7. Multiply — 6 a3 62 by _ 1 1 a 63 c. Ans, 66 a^ 6^ c, 

8. Find the continued product of — a, — cr, — a, and 
— a. Ans, a^, 

9. Find the continued product of — a^ 6, c^ e, — a, — e^ x^, 
c, — 2 a X, — 3 a 6 e x^ — 7, and 6^ x^. 

Ans, 42 flS 6* c^ e^ x', 

10. Find the continued product of 7 a 6 x, — ax, — x, 
62/7, _2 6^ _ 3^ and — 5 a^ b^x\ 

Ans, -^210 aPb'^x'\ 

11. Multiply a -j- 6 by c -[- ^• 

i4w5. ac-r|-arf-|"^^ + ^''* 

12. Multiply a3 + 62 — c by a2 — 63. 

Ans, a5 — a3 63+a2 62 — aSc — 65 + 63c. 

13. Multiply a-[-6-|-cbya + 6 — c. 

Ans. a2 + 2a6 4-62— c2. 

14. Multiplya:fl — 3x— 7byar— 2. 

-4ws. x3 — 5 x2 — X + 14. 

15. Multiply a2 + a^ + a« by o2— I . Ans, a^ — a2 

16. Multiply 8 a9 63 + 36 a« 6^ -j- 54 a^ 65 + 27 a^ b^ 
by 8 a9 63 - 36 ^8 ^4 4. 54 ^7 [,s _ 27 r^e h^. 

Ani^, 64 ai8 ^6 __ 430 ^^ig /,e ^ 970 ^u /,io _ 720 «'26i8. 
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17. Find the continued product of Sx-\-2 i/, 2x — 3y, 

— x-^-i/f and — 2 X • i/. 

Ans. 122;<— 16x3y— 13a:2y2^11a^y3^6y4. 

18. Multiply a -j- 6 by a — 6. Anii. a^-^b^. 

19. Multiply 2 a3-x + 7 a2 x5 by 2 a3 X — 7 n^ r\ 

Ans. 4 a6 a:2 — . 49 a4 xio^ 

32. Corollary. The continued product of several 
monomials is, as in examples 8 and 9, positive, when 
the number of negative factors is even ; and it is 
negative, as in example 10, when the number of 
negative factors is odd. 

33. Corollary. The product of the sum of two 
numbers by their difference is, as in examples 18 and 
19, equal to the diflference of their squares. 

34. Theorem, The product of homogeneous 
polynomials is also homogeneous, and the degree of 
the product is equal to the sum of the degrees of the 
factors. 

Demonstration, For the number of factors in each term 
of the product is equal to the sum of the numbers of factors 
in all the terms from which it is obtained; and, therefore, 
by art. 15, the degree of each term of the product is equal 
to the sum of the degrees of the factors. Thus, in example 
16, the degree of each factor is 12, and that of the product 
is 12 + 12 or 24. 
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SECTION V. 
Division 

35, Problem. To divide one monomial by an" 
other. 

Solution. Since the dividend is the product of the divisor 
and quotient, the quotient must be obtained by suppressing 
in the dividend all the factors of the divisor which are ex- 
plicitly contained in the dividend, and simply indicating the 
division with regard to the remaining factors of the divisor. 
Hence, from art. 28, 

Suppress the greatest common factor of the mi- 
merical coefficients. 

Suppress each letter of the divisor or dividend in 
the term in which it has the least exponent, and re- 
tain it in the other term, giving it an exponent 
equal to the difference of its exponents in the two 
terms. But when a letter occurs in only one term^ 
it is to be retained in that term, with its exponent 
unchanged. 

The required quotient is, then, equal to the quo- 
tient of the remaining portion of the dividend divided 
by that of the divisor^ and may be indicated as in 
' art. 8 ; or, when the divisor is reduced to unity, the 
quotient is simply equal to the rem.aining portion of 
the dividend. 

The sign of the quotient must, from art. 30, be the same 
as that of the divisor when the dividend is positive, and it 
must be the reverse of that of the divisor when the dividend 
is negative ; whence we readily obtain the rule. 
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Division of Monomials. 



When the divisor and dividend are both affected by 
the same sigft^ the quotient is positive; but when 
they are affected by contrary signs, the quotient is 
negative. 

The rule for th« signs in both division and multiplication 
may he expressed still more concisely as follaws. 

Like signs give -{- ; unlike sigiis give — . 



36. EXAMPLES. 

1. Divide 65 a 6 by 5 «. Ans. — — = 13 h, 

2. Divide — 132 a^ b^ c by 1 1 a3 ^. Ans, — 12 a^ c. 

3. Divide \AAab^c^(^ehy — IVHab^c e^ h. 

^''^- - Yb^ 

27 

4. Divide — 135 by — 5 a. Ans. — . 

■^ a 

5. Divide 7 a3 z^ by 2 1 a^ x^. A ns. ^y-^. 

6. Divide a*» by a". Ans. a"*~*. 

3 «»»-/' 6*»-« 

7. Divide — 3a"»&" by —iaPb^c'', Ans. t— . 

8. Divide a by — a. Ans. — 1. 

9. Divide — a by a. Ans. — 1. 
10. Divide — a by — a. Ans. 1. 

37. Corollary. If the rule for the exponents is applied 
to the case in which the exponent of a letter in the dividend 
is equal to its exponent in the divisor, when, for instance, 
a** is to be divided by a"*, the exponent of the letter in the 



16 ALGEBRA. [CH. I. § V. 

Exponent equ&l to Zero. Negative Exponents. 

— iMi^^^— ^ ■■■■■■■■■ ■■ I ■ I ■ ■ I ■^^■^■^, ■ M^^—— 1^ 

quotient becomes zero. But the quotient of a quantity di- 
vided by itself is unity. 

Whence any quantity with an exponent equal to 
zero is unity. 

Thus, a'^^a'^=za9= 1. 

38. Corollary, When, in example 6 of art. 30, the ex- 
ponent n of a in the divisor is greater than its exponent m 
in the dividend, the exponent m — n m the quotient is nega« 
tive ; and a negative exponent is thus substituted for the 
usual fractional form of the quotient. 

Thus, if m is zero, we have 

aO-5-a*= 1 -^a* = -- = a"». 

a* 

In the same way we should have 
a 62 c3-i. flS 69 c8 ei = flfi 69 c3 -i- a5 69 c8 rfi = a--* c-5 rf-i. 

Any quotient of monomials' may thus be expressed 
by means of negative exponents without using frac- 
tional forms. 



39. EXAMPLES. 

1. Divide 5 a^ 63 c^ rf by 15 a 65 c^ # ^9 

Ans. 3-1 a3 6-2^-9 g-3 

2. Divide 6 a'^ 6 by 9 a 6''. 

Ans, f a66-6=2.3-»a«6-«. 

3. Divide I by 8a>>6. 

ilns. ^a-" 6-' = 8-»a-"6-^ 

4. Divide 3 by a, Ans, 3 a~^ 

40. Corollary. Quantities, thus expressed by 
means of fractional exponents, may be used in all 
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calculations, arid may be added, subtracted, multi- 
plied, or divided by the rules already given, the 
signs being carefully attended to. 



41. EXAMPLES. 

1. Findthe8umof7a-3-(-9a«6-P— 6aft-9c«,— 3a-», 
Ba^b-P-^llab-^c*, a-3— Ha^fi"^. 

Ans. 5 a"^ -^5 ab^^c*. 

2. Reduce the polynomial 9a""36~*c^ — 7 6a — 3^ 
(18a-3 6 — 5a"/>"» + c» — 3.25) — (3a«6"» — a-3 6-9c< 
-j- 3 c* — 5 . 2*) to its simplest form. 

^»5. 10a-3 6-9c4-|-lla-3 6__8fl'»6"»— 2c*4.2.2*. 

3. Multiply a"** by a*. Ans, a~^ + ^ = a"""*. 

4. Multiply 0^ by a~*. Ans, a"*""*. 

5. Multiply a~*» by a""*. Ans. a~"»''** = a~^"*+*»>. 

6. Find the continued product of 11 a"^, — 2 a~*, 4 a®, 
and— 9 a''. Ans. 792 a^. 

7. Find the continued product of 2 a ~^, 7 a ~^, and 

— 3 a\ Ans. —i2a-^= — -~. 

8. Find the continued product of Sa^fc-'*, lOa^b^Cy and 

— 3 a^. Ans. — 150 ai^ ft c. 

9. Multiply — 13 a-^bc^ by —4 a-3ft-6 ^2. 

v4w5. 52a-^6--*c-*. 

10. Divide a ~"» by a*. .4/15. a~"*"** = a~<"»+'»\ 

11. Divide a"* by ""*. ilns. «"*+*. 

12. Divide a"""* by a~*. -4n5. a-w+» = an-m^ 

13. Divide 14 a-Sftc'd-i^* by 2 a 6-3^5^^. 

Ans.la-^b^c-^d-^eh'^ 

14. Divide — 3 a" by 2 a«+« 6c-^ 

Ans. — fa""" 6~' e. 



I 
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42. Problem, To divide one polynomial by an' 
Other. 

Solution. The term of the dividend, which contains the 
highest povrer of any letter, must be the product of the term 
of the divisor which contains the highest power of the same 
letter, multiplied by the term of the quotient which contains 
the highest power of the same letter. 

A term of the quotient is consequently obtained by 
dividing, as in art 35, the term of the dividend 
which contains the highest power of any letter by 
that term of the divisor which contains the highest 
power of the same letter. 

But the dividend is the sum of the products of the divisor 
by all the terms of the quotient ; and, therefore, 

If the product of the divisor by the term just found 
is subtracted from the dividend, the remainder must 
be equal to the sum of the products of the divisor by 
the remaining terms of the quotient, and nfiay be 
used as a new dividend to obtain another term of the 
quotient. 

By pursuing this process until the dividend is 
entirely exhausted, all the terms of the quotient may 
be obtained. 

It facilitates the application of this method to ar- 
range the terms of the dividend and divisor according 
to the powers of some letter, the term which contains 
the highest power being placed firsts that which cow 
tains the next to the highest power being placed next, 
and so on. 
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43. EXAMPLES. 

1. Divide — 16 a^ x3-|- a6-f-64 x^ by Ax^-\-a'^^iax. 

Solution. In the following solution the dividend and di- 
visor Hre arranged according to the powers of the letter x ; 
the divisor is placed at the right of the dividend with the 
quotient below it. 

As each term of the quotient is obtained, its product by 
the divisor is placed below the dividend or remainder from 
which it is obtained, and is subtracted from this dividend 
or remainder. 



64 x* — 16 a^ x^ -\- a^ 
6426— 64a254-16a2x4 



4x2 — 4«2;-|-fl2== Divisor. 



64 a x^ — 16 a^ x^ — 16 a^ x^-\-a^ = 1st Remainder. 
64 a x5 — 64 a^ x^ + 16 a^ x^ 

48 a2 x4 _ 32 a^ x^ -}- oP = 2d Remainder. 

1 6 a3 x3 _ 12 a4 a.9 _f. fl6 = 3c| Remainder. 
1 6 fl3 x3 — . 1 6 a^ i2 _j_ 4 fljS a; 

4 fl4 j9 — 4 a* X -f- a^ = 4th Remainder. 
4a4a.9 — 4a5x-f flS 



0. 

Ans. 16x4^16ax3^ ISo'^ja -f4«3x-}- a* 

2. Divide b c^ — c3 x by c3. Ans h — x. 

3. Dividea3 + 2fl6 + 62by a4-6. i4w>. /7 + 6. 

4. Divide — aS ^4 ^ 15 qIi 55 __ 49 ^14 56 _ 2O a" ^i by 
I0a«62 — a«6. Ans. a^ b^-^5a^ b^-^^a^ b^. 

5. Divide 1 — iSzS-j-Slz^by l+62-f 9z2. 

Ans, 1 — 6z + 9«9 

6. Divide 81 a^ _f_ I6 ^12 _ 72 a^ l^ by 9 a^ + 12 «2 63 
h4 /A ^/i5. 9 a4— 12 «2 i3_j_4 ^6 
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7. Divide a:^"* — 3 x^« y^n _|_ 3 ySim yAn — y6u ^y x3»i — 
3 x^ y** + 3 I"* y^ — y3". 

^ WS. 3:3m _|. 3 22m yn ^ 3 j-n ySn _|_ y3n^ 

8. Divide — 1 -[- a^ n^ by — 1 -|- a n. 

-4/is. 1 + a » + a^ »2 

9. Divide 2 a^ — 13 a3 6 + 31 a^ 62 — 38 a 63 + 24 6< 
by 2 fl2__3 a 6 H- 4 6«. iln5. a2 _5 a 6 + g 62 

10. Divide a^ — 6^ by a — b, Ans, a + 6. 

11. Divide «3 — 63 by a— 6. • Ans. a^-^ab-^b^, 

12. Divide a4 __ ^4 by a _ 6. 

Ans,a^ + a^b + a62-|-63. 

13. Divide a^ — 6^ by a — 6. 

Ans, a^ + a3 j^ ^2^2^^63 + 64. 

44. Corollary, The quotient can he obtained vnth 
equal facility by using the terms which contain the 
lowest powers of a letter instead of those which con-- 
tain the highest powers. 

In this cascj it is more convenient to place the term 
containing the lowest power firsts arid that containing 
the next lowest next, and so on. 

This order of terms is called an arrangement ac- 
cording to the ascending powers of the letter ; whereas 
that of the preceding article is called an arrangemeiit 
according to the descending powers of the letter. 

45. Corollary, Negative powers are considered to 
be lower than positive powers, or than the power 
zero, and the larger the absolute value of the expo- 
nent the lower the power. 

Thus a5 x-^ — a^ x-3 + ^3 _|_ ^-i ^ + n-^ x^, 

is arranged according to the ascending powers of a:, and 
according tp the descending powers of a. 
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46. EXAMPLES. 

1. Divide o^ + a^ — a"^ — a~^ by a* — a~^. 

Ans. a«+l^a"«. 

2. Divide4«4ft-6+i2a3ft-5 + 9a96-4_6-*2^2a-» 
— a-4 62 by 2 0*6-3+ 3 a 6-2 _ ft- 1 4. a-sft. 

Jn«.2a26-3 + 3o6-2 + 6-1 — a"* 6. 

47. In the course of algebraic investigations, it is 
often convenient to separate a quantity into its fac- 
tors. Tlys is done, when one of the factors is 
known, by dividing by the known factor, and the 
quotient is the other factor. 

And when a letter occurs as a factor of all the 
terms of a quantity, it is-a factor of the quantity, and 
may be taken out as a factor, with an exponent equal 
to the lowest exponent which it has in any term, and 
indeed by means of negative exponents any mono- 
mial may be taken out as a factor of a quantity. 

48. EXAMPLES. 

1. Take out Sa^b as a factor of I5a^b^ -^6a^b -^ 
9a262 + 3a26. Ans,3a^b{5a^b+2a-\-3b-{-l). 

2. Take out a"* as a factor of 3 a"* i" ^ + 2 a^. 

Ans. a«(3a + 2). 

3. Take out 2a3 6« c as a factor of 6 a« 6^ c^-f-G a b^ c 

w.2a6 + 2 — flSc. 

-4n«. 2a3 55c(3a3 62c + 3a-2 53_fl-2ft-4c-i^ 

a-3ft-5c-i — 2-ia-i6-5. 

4. Take out & as a factor of d^"^ b — 6*. 

Arts, ^(a*-i — 6"-^). 
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Difference of two Powers divisible by Difference of their Roots. 

49. Theorem. The difference of two integral pos- 
itive powers of the same degree is divisible by the 
difference of their rt)ots. 

Thus, a" — 6* is divisible by a — 6. 

Demonstration. Divide a* — 6** by a — 6, as in art. 42, 
proceeding only to the first remainder, as follows. 



a** — 6* 


a — b 


a* — a* "" 1 h 


fln-l 



1st Remainder =a'*"i6 — 6* = 6(a'*-i — 6*-i). 

Now, if the factor a**"! — 6»-i of this remainder is di- 
visible by a — 6, the remainder itself is divisible by a^-^b, 
and therefore a^~b^ is also divisible by a — b ; that is, if 
the proposition is true for any power, as the (n — l)st, it 
also holds for the nth, or the next greater. 

But from examples, 10, 11, 12, 13 of art. 43, the propo- 
sition holds for the 2d, 3d, 4th, and 5th; and therefore it 
must be true for the 6th, 7th, 8th, &c. powers ; that is, for 
any positive integral power. • 

50. Corollary. The division of a" — 6** by a — b may be 
continued for the purpose of showing the form of the quotient, 

a" — 6" 

a« — a** ~ 1 ft 



a — b 



a«-i+«""^^+«'*~^6^+ ^c -j-a6«-2^6n-i 



an-15_5n 



an-252 an-3 5S 

&c. . . 



a2/^n-2_5n 
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that is^ 
a** — Jn 



= a«-' + a«-2 6 -|-a''-3 b^+ &c.. .. + a 6''-«+6»-i, 



a — b 

80 that each term of the quotient is obtained from the pre- 
ceding term by diminishing the exponent of a by unity and 
increasing that of b by unity ; and the number of terms is 
equal to the exponent n. 

51. Corollary. If 6 is put equal to a in the preceding 
quotient, each of its terms becomes equal to 0^"^ which 
gives the peculiar result 

a" — a* . , 

= n a*"* 

a — a 

52. There are sometimes two or more terms in 
ihe divisor, or in the dividend, or in both, which 
contain the same highest power of the letter accord- 
ing to which th3 terms are arranged. 

In this case, these terms are to be united in one 
by taking out their common factor ; and the com- 
pound terms thus formed are to be used as simple 
ones. It is more conveniefit to arrange the terms 
which contain the same power of the letter in a 
column under each other, the vertical bar being used 
as in art, 17 ; and to arrange the terms in the ver- 
tical columns according to the powers of some lettei' 
common to them-. 



53. EXAMPLES. 

1. Divide a^ x^ — l^ x^ — 4 ab x^ — 2 a^ x -[-2 a b x +- 
a^ — 52 \yy fix — bx — a — b. 
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Solution, 

a9 a;3_4a6x9 — 2a9 
— 69 +2 a 6 


x+a9 
— 69 


a 

b 


X — a 
— 6 


1 


a9 
— 69 


x3— o9 
— 2a6 
69 


X« 


a 

+* 


x9+a 
— 6 


X — a 

+* 


• 


a9 

1st Rem. — 2a 6 
+ 69 

a9 
— 2a6 

+ 69 


a:9 — 2a9 
+ 2a6 

x9_a9 
+ 69 


X + flS 

— 69 

X 


1 


— a9 

2d Remainder +2a6 

— 69 

— a9 
+ 2a6 

— 69 


— 69 

x + a9 

— 69 







3d Remainder 0. 

In this quotient, the coefficient a + 6 of x9, the coefficient 
a — 6 of X and the term — a + 6 are successively obtained 
by dividing the coefficient a9 — 69 of x^ in the dividend, the 
coefficient a9 — 2 a 6 + 69 of x9 in the first remainder, and 
the coefficient — a9-|-2a6 — 69 of x in the second re- 
mainder, by the coefficient a — 6 of x in the divisor. 

Arts, (a + 6) x9 + (a — 6) x — (a — 6). 

2. Divide (6 6 — 10) a4 _ (7 59 _ 33 5 _|_ 20) (fi — (3 6^ 

— 22 69 + 316 — 5).a9 + (4 63 — 9 69 + 5 6 — 5) a + 69 

— 26 by (36 — 5)a+ 69—26. 

i4ns. 2a3 — (36 — 4)a9 + (46 — l)a+l. 

3. Divide _ a« — (69 — 2 c^) a^ + (6^ — c^) a^ + (6« + 
26*c9 + 69c4) by a« — 69— c9 

Ans. — a4_ (2 59_ ^9) a9 — 6< — 69 A 
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4. Divide 



y 



— 3y3 
+ 3jf 



bj y I x« 
+ 1 



3y 

3 



»s 



35 — y* 

+ 3y 

+ 2 



*< 



-y* 

+ 10y^ 
+ 3y3 
— 10y« 


x3+3y« 
— 3y» 

_9y< 


- 2y 




hSy'l 



iln5. y^ 

— y 



23 — 3 y3 
+ 3y3 



x» 



?:' 
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Terms of a fraction may be multiplied or divided by the same quantity. 



CHAPTER II. 

m 

FRACTIONS AND PROPORTIONS. 

SECTION I. 
Reduction of Fractions. 

6 1. When a quotient is expressed by placing the 
dividend over the divisor with a line between them, 
it is called a fraction ; its dividend is called the 
numerator of the fnaction, and its divisor the de- 
nominator of the fraction ; and the numerator and 
denominator of a fraction are called the terms of the 
fraction. 

When a quotient is expressed by the sign ( : ) it is 
called a ratio ; its dividend is called the antecedent of 
the ratio, and its divisor the consequent of the ratio ; 
and the antecedent and consequent of a ratio are 
called the terms of the ratio. 

55. Theorem. 7%e value of a fraction, or of a 
ratio, is not changed by m^ultiplying or dividing 
both its terms by the same quantity. 

Proof For. dividing both these terms by a quantity is 
the same as striking out a factor common to the two terms 
of a quotient, which, as is evident from art. 35, does not 
affect the value of the quotient. Also muhiplying both 
terms by a quantity is only the reverse of the preceding 
process, and cannot therefore change the value of the frac« 
tion or ratio. 

56. The terms of a fraction can often be simplified 
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by dividing them by a common factor or divisor. 
But when they have no common divisor, the fraction 
is said to.be in its lowest terms, 

A fraction is, consequently, reduced to its lowest 
terms, by dividing its terms by their greatest com,^ 
frd)n factor or divisor. 

57. Problem. To find the greatest common di" 
visor of several monomials. 

Solution. It is equal to the product of the greatest 
common divisor of the coefficients, by those dijfereiit 
literal factors which are common to all the mono- 
rniais, each literal factor being raised to the lowest 
power which it has in either of the monomials. 

58. EXAMPLES. 

1. Find the greatest common divisor of 75 o^ js ^ ^ii 3.9 
and 50 a^ c^ d}^ x^. Ans. 25 a^ cd^^ x^. 

121 a b^ c3 d^ x^ y^ 

2. Reduce the fraction ,^^ a ,k a n » — to its lowest 

132 a^ b^ c^d^ x^ y , - , „ . 

terms. j«e jii_ 

• 12 a5 63 c 
17 a^ b 

3. Reduce the fraction -- — — to its lowest terms. 

51 a 65 ^9 



Ans. 



3 6* 
59. Lemma. The greatest common divisor of two 

quantities is the same with the greatest common di- 
visor of the least of them, and of their remainder 
after division. 

Demonstration. Let the greatest of the two quantities be 
A J and the least B ; let the entire part of their quotient after 
division be Q, and the remainder R ; and let the greatest 
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common divisor o£ A and B be D, and that ofJB and R be 
Ij, We are lo prove that 

n = E. 

Now since R is the remainder of the division of il by B, 

we have 

R=zA — B, Q; 

and, consequently, D, which is a divisor of ^ and B, must 

divide R; that is, D is a. common divisor of Z? and J?, and 

cannot therefore be greater than their greatest common 

divisor E. 

Again, we have 

A^R-^-B.Q, 

and, consequently, E, which is a divisor of B and R, must 
divide A ; that is, £7 is a common divisor of ^ and B, and 
cannot therefore be greater than their greatest common 
divisor D. 

D and £7, then, are two quantities such that neither is 
greater than the other ; and must therefore be equal. 

60. Problem, To find the great €$t common divi- 
sor of any two quantities. 

Solution. Divide the greater quantity by the less, 
and the remainder^ which is less than either of the 
given quantities^ is, by the preceding article, divisible 
by the greatest common divisor. 

In the same way, from this remainder and the 
divisor a still smaller remainder can be found, which 
is divisible by the greatest common divisor ; and, by 
continuing this process with each remainder and its 
corresponding divisor, quantities smaller and small- 
er are found, which are all divisible by the greatest 
common divisor, until at length the common divisor 
itself must be attained. 
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The greatest common divisor^ when obtained, is at 
once recognised from the fact, that the preceding di- 
visor is exactly divisible by it without any remainder. 

The quantity thus obtained, must be the greatest common 
divisor required ; for, from the preceding article, the great- 
est common divisor of each remainder and its divisor is the 
same with that of the divisor and its dividend, that is, of the 
preceding remainder and its divisor ; hence, it is the same 
with that of any divisor and its dividend, or with th&t of the 
given quantities. 

61. Corollary. When the remainders decrease to 
unity, the given quantities have no commxtn divisor, 
and are said to bd incommensurable or prime to each 
other. 



62. EXAMPLES. 

1. Find the greatest common divisor of 1825 and 1995 



Solution, 



35 
30 



1995 
1825 



1825 



1825 
1700 



170 

125 



170 , 1st Rem. 

10 

125, 2d Rem. 
1 



125 
90 



45 
35 



10 
10 



45, 3d Rem. 
2 
35, 4th Rem. 

r 

10, 5th Rem. 

5, 6th Rem. 
2 



Ans. 5 



30 
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This process may be written more neatly and concisely 
as follows. 

1 

10 

1 

2 

1 

3 

2 



1995 


1825 


1825 


1700 


no 


125 


125 


90 


45 


35 


35 
10 


30 
5 


10 





2. Find the greatest common divisor of 13212 and 1851. 

Ans, 3. 

3. Find the greatest common divisor of 1221 and 333. 

Ans, 111. 

63. The above rule requires* some modification in 
its application to polynomials. 

Thus it frequently happens in the successive divisions, 
that the term of the dividend, from which the term of the 
quotient is to be obtained, is not divisible by the corre- 
sponding term of the divisor. This, sometimes, arises from 
a monomial factor of the divisor which is prime to the 
dividend, and which may be suppressed. 

For, since the greatest common divisor of two quantities 
is only the product of their common factors, it is not affected 
by any factor of the one quantity which is prime to the 
other. 

Hence any monomial factor of either dividend or 
its divisor is to be suppressed which is prime to the 
other of these two quantities j and when there is such 
a factor it is readily obtained by inspection. 
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But if, after this reduction, the first term of the dividend, 
when arranged according to the powers of some letter, is 
stiil not divisible by the first t^rm of the divisor similarly 
arranged ; it follows from the preceding reasoning that it 
can lead to no error to 

Multiply the dividend by some monomial factor 
which will render its first term divisible by the first 
term, of the divisor, and which is prime to the re- 
duced divisor. Such a factor cafi always be obtained 
by simple inspection. 

When the given quantities have any common m^o^ 
nomial factor it is easily obtained from inspection, 
and it should be suppressed at first, arid afterwards 
7nultiplied by the greatest common divisor of the re- 
maining polynomials. 

Since any quantity which is divisible by A is also divis- 
ible by — A ; and any quantity which is divisible by — A 
is also divisible by A ; 

All the signs of any divisor may be reversed at 
pleasure. 



64. EXAMPLES. 

1. Find the greatest common divisor of 6 a^ x3-j-21 a^-c^ 
— 27 a5 and 4 x4 + 5 a2 iS -f. 21 fl3 a;. 

Solution, These quantities have no common monomial 
factor ; but the monomial factor 3 a^ common to all the 
terms of the first of them, and the factor z common to all 
the terms of the second, being suppressed in columns 1 and 
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2, give the first lines of the following form of the process, 
which is similar to that in art. 62. 

Col. 1. • Col. 2. Col. 3. 



4z3+5a'2;4-21«3 
4z3 + 14«ii^ — 18a3 



— 14ax2 + 5a2x-h39a3 




— 14x2 + 5rta:-|_39aa 


— 9 


—Ux^ — 2\ax 


— 735 


26«z + 39a2 




2i + 3a 


1 


2z + 3a 





2x3-|-7a2;2 — 9a3 

14i3_[_49ax2_c3tt3 

^Ax^ — 5ax^ — 29a^x 
64ax-^ + 39a22_63a3 

18x2^ 13 a z — 21 flS 
120x2 + 91 az — 147 flS 
126x2— 45 a z — 35 1 qg 
136 a z + 204~a2 

.^715. 2z-|~3a. 

Column 3, in this form, is the line of quotients. The 1st 
line of col. 1 is first divided by that of col. 2, and the re- 
mainder is the 3d line of col. 2 ; this remainder, simplified 
by the suppression of the factor a, is the 4th line of col. 2, 
and is used to divide the 1st line of col. 1. The 2d line of 
col. 1 is the 1st line multiplied by 7 in order to render its 
first term divisible by the first term of the new divisor ; tha 
remainder of the division is the 4th line of col. 1, which is 
simplified in the 5th line by the suppression of the factor 3 a. 
The 6th line of col. 1 is the 5th line, multiplied by 7 in 
order to render its first term divisible by the first term of the 
divisor already used ; for it is to be observed, that a divisor 
should continue to be used until a remainder is obtained in 
which the first term ceases to be divisible by the first term of 
the divisor f that is, until the exponent of its leading letter is 
smaller than that in the first term of the divisor. The re- 
mainder arising from the division of the 5th line of col. 1 by 
the 4th line of col. 2 is the 8th line of col. 1, which, re- 
duced by the suppression of the factor 68 a is the last line 
of col. 1. The remainder of the division of the 4th line of 
col. 2 and the last line of col. 1 is the 6th line of col. 2, 
which reduced by the suppression of the factor I3x, is the 
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Greatest Common Divisor. 

7lh line of col. 2, being the same with the last line of col. 1. 
The remainder of the last division is therefore zero, and the 
last divisor 2 x -]- 3 a is the greatest common divisor. 

2. Find the greatest common divisor of 21 u^ h x^ ^^ 
21 a4 6 x6_ 158^7^3^ and Ua^b^ cx^—Ua^lfi cx^ -{' 
28 a^ 63 c x2_ 42 a^b^cx— 140 n^ 63 c. 

Solution, Since 1 a^ b is a monomial factor of the two 
given quantities, suppress it, and they become 

3 a 2^ _ 3 a« 26 _ 24 a5 x^. 

2b^c x4_2 ab^c i3-j-4 a^ 62 c i^— .6 a^ b^ c z— 20 a^ b^ c. 

The greatest common divisor of these two quantities, 
found as in the preceding example, is x — 2 a, which, mul- 
tiplied by the common monomial factor 7 a^b, gives 7 a* 6 
(z — 2 a) for the required greatest common divisor. 

3. Find the greatest common divisor of x^ — a3 and 
a;9 — qQ^ j[jis^ X — a. 

4. Find the greatest common divisor of 5o3 — I0a26-|- 
1563 and 3a3-|-6a26 + 6a624-363. ^w«. a + 6. 

5. Find the greatest common divisor of x^ •-\- x^ -^-x^ -^ x 
— 4 and x^ + ^x^-^^x^-j-^x—lO. Ans. x—L 

6. Find the greatest common divisor of 7 aa-^ -}-21 a 2^-)- 
14az and 3 j8 + 3z5-|-3x4 — 3i2.- Ans. x^-\-x. 

7. Find the greatest common divisor of 81 a^x^ — 24 a' x 
and 3 a x?— 2 a^ x^ -f 3 a3 x3— 2 a^ x\ ^ W5. 3 a x2— 2 a^ x. 

8. Find the greatest common divisor of x3-|-x — 10 and 
x4 — 16. ^W5. X — 2. 

65. When there are several terms in the given 
polynomials, which contain the same power of the 
letter according to which the term^s are arranged, 
these terms are to be united in one, as in art 53, and 
the compound terms thus formed are to be treated as 
monomials. 
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66. EXAMPLES. 

i. Find the greatest common divisor of 

+27 ar2 



j3 
— 9x 



2a:3 
18x2 
18 x 



y3+ 2x^ 
—18x3 



and 



-j-3ar 



y3 4 j3 

—12x2 



y2-[- 4x3 

+J2x2 



y 



y* — 3 x3 
— 7x2 
+ 6x 

Solution. The factor (x2 + 3 x) y is a common factor 
of III! the terms, and is therefore to be suppressed, in order 
to be multiplied by the greatest common divisor of the re- 
maining polynomials. The polynomials thus become 



X 

— 3 



y*— 2x2 

4-8x 
— 6 



y3 — 3 x2 
-|-9x 



y2-{.2x2 

— 6x 



and 



y2 — 4 X y -\-4iX, 



y3_3x 

+ 2 

The suppressioo of the factor (z — 3) y in the first of 
these polynomials reduces it to 

+ 2 
by which the second is to be divided, and the rest of the 

process is as follows : 

Col. 1. Col. Z. 



y3-.3x 

y^— 2x 

+ 2 



y2 — 4 X y -{- 4 X 



— X y2 — X y -[- 2 X 

-y^ — y+2 

—5^2 — 2y 



y3— 2x 

4-2 



y2_3xy + 2x 

y^— 2y 




1 
— y 

+ 2x 

— 1 



^n5. (y + 2) (x2 + 3x)y = (x2 + 3x) (y2 + 2y). 
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The third line of col. 1 is the remainder of the division 
of the 1st line of col. ] by the 1st line of col. 2 ; and this 
remainder, reduced by the suppression of the factor % is the 
4th line of coL 1. The 5th line of col. 2 is the remainder 
of the division of the 1st line of col. 2 by the 4th line of 
col. 1, and this remainder, reduced by the suppression of the 
factors — a? + 1 is the last line of col. 2. The 4th line of 
col. 1 is exactly divisible by the last line of col. 2, and there- 
fore the greatest common divisor is the product of (j:^-f-3d?) 
t( by y + 2. Ans. (a:3+ Sa:) (y8 + 2y). 

2. Find the greatest common divisor of the polynomials 
a2^^ + c2 + 2a6 + 2ac + 26c and a^ — l^ — c^^ 
2 be. Ans. a-^-b '\' c. 

3. Find the greatest common divisor of the polynomials 



o^— 2 62 
— 2c2 



a^+b^ 
+ c4 



and a3 ^ 3 5 o2 _|, 3 ft2 



a+63 
— bc^. 



Ans. a3 -f 2 a 6 + 62 — A 
4. Find the greatest common divisor of the polynomials 



X 

— 1 



y*— 3 a? 
+ 3 



y4_aj2 

+ 3ar 
— 2 



y^ + x^ 



y2_ar3 



and 



— 1 



y4_3aa|y3+ar3 



+ 3 



+ 2x5 
— a: 
—2 



y2— ar3 



67. Problem, 
denominator. 



Ans. y {y — \) {x—\). 
To reduce fractions to a common 



Solution, Multiply both terms of each fraction 
by the product of all the other denominators. 
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Common Denominator. 

For the value of each fraction is, from art. 55, not 
changed by this process ; and as each of the denominators 
thus obtained is the product of all the denominators^ tlie 
fractions are all reduced to the same denominator. 

68. But fractions can be reduced to a common denomi- 
nator which is smaller than their continued product, when- 
ever their denominato/s have a common multiple less than 
this product. For, by art. 55, 

Fractions may b6 redticed to a common denomi- 
nator^ which is a common multiple of their denomi- 
nators^ by multiplying both their term^s by the quo- 
tients, respectively obtained from the division of the 
common denominator by their denominators. 

69. Corollary. An entire quantity may, by the 
preceding article, be reduced to an equivalent frac- 
tional expression having any required denominator, 
by regarding it as a fraction, the denominator of 
which is unity. 



70. EXAMPLES. 

3 2 5 

1. Reduce -, -, — , to the common denominator 24. 

o «i o 

9 16 20 
"*"*• 24' 24' 24' 

rt-oj a^63«o 3a , , 

2. Reduce -jr-r, ^r— ^r, 8 a. - — -, to the common denomi- 

c^ a 2 c^ Ac a 

nator 4 c^ d, 

Aa^b 6ed 32 a c ^ d 3gc 

'^"'" 4^' 4^' T^rf"' Ac^d' 
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Common Denominator. 
*^T%i « + ^, 1 C + d , 

3. Reduce r, 1, — .— , , --r -, to the common 

a — o «-J-6 a'* — 6* 

dcDominator a^ — 6^. 

71. Problem. To find the least common multiple 
of given quantities. 

Solution, When the given quantities are deconir 
posed into their simplest factors, as is the case with 
m^onomials, their least com^mon multiple is readily 
obtained ; for it is obviously equal to the product of 
all the unlike factors, each factor being raised to a 
power equal to the highest power which it has in 
either of the given quantities. 

But the com/mon factors can always be obtained 
from, the process of finding the greatest common 
divisor. 



72. EXAMPLES. 

1. Find the least common multiple of 2 (P b^ c x^ 3 a* 
bc^x^, 6acx = 2.3acx, 9 c^ x^^ =z 3^ c^ x^o, 24 a^ = 
23 . 3 qS. Ans. 23.32. a^ b^ c^ x^^ = 72 «« ^2 c? x^^. 

2. Find the least common multiple of 16 a Xy 40 b^ x, 
25 a^ 63 3^. Ans, 400 a^ b^ aP. 

3. Find the least common multiple of «**, x^"^, x^"^, 
t^"^, X, Ans, ar*. 

4. Find the least common multiple of 6 (a -|- 6) ap"», 

Ans, 648 (a + b^ \a — bf :c«+2 
4 
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Sum and DifTerence of Fractions. 

6. Find the least common multiple of a^ -}- 2 a 6 -f" ^^i 
a3-f 4 a 6 + 4 62, a^— 6^, a2+3a6 + 262, a^^a^b 
— ab^ — lP. iliw. (a + 6)2 (a — 6) (a + 2 6)8. 



£ SECTION n. 

Addition and Subtraction of Fractions. 

73. Problem. To find the sum or difference of 
given fractions, 

Sohition, When the given fractions have the 
sam£ denominator J their sum or difference is a frao 
tion which has for its detiominator the given com- 
nwn denominator, and for its numerator the sum ot 
the difference of the given numerators. 

When the given fractions have different denomi- 
nators, they are to be reduced to a com/mon denomi- 
nator by arts. 67 arid 68. 

74. EXAMPLES. 

1. Find the sum of 7-, ~, and — -p. 

a J 

. adf '\- hcf — bde 
bdf 

2. Subtract — from 7-. Am. — ^^^i — . 

b a bd 

3. Find the sum of — ^ — and — ~ — Ans. a. 

« o L « — b _ . a + 6 ^ _ 

4. Subtract — —— from . Ans. o. 
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Sum and Difference of Fractions. 



5. Reduce to one fraction the expression / 4~ ^* 

a + be 
Ans, — r — . 
o 

/. o J ^ r .• 2a , 5df beg 

6. Reduce to one fraction -, 

. l6abc-\- I5cdf — 4 beg 
"""• 24F^ *■ 

a. h i 

7. Reduce to one fraction --] — -. 

ax^ — bz + l 
Ans, — 



«3 



Q Z 

8. Reduce to one fraction — j 1- 



a-J-z ' a — z 

A flS + za 

9. Reduce to one fraction 

3 . 31 l—x 

4(l_ar)2+8(l — ;r) '"8(1 + x) 4(1 + x^) ' 

. l + x + x^ 

1 X J?^-}"^ 

10. Reduce to one fraction 

3A 2h + x 5__ 

(/* — 2 ^ "^ (A + x) (/i-2x) h + x' 

20Aar — 22x2 
Ans. 



(A + x) (A - 2 x)2' 
11. Reduce to one fraction 

cfi abb 

{a + 6)3 "" (a + 6)2 + IT+T 

a3j-a62-^.63 
'*"^- (a +6)3 • 

75. Corollary. It follows, from examples 3 and 4, 
that the sum of half the sum and half the difference 
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Product and Quotient of Fractions. 

of two quantities is equal to the greater of the two 
quantities ; and that the difference of half their sum 
and half their di£ference is equal to the smaller of 
them. 



SECTION m. 

Multiplication and Division of Fractions. 

76. Problem. To find the continued product of 
several fractions. 

Solution. The continued product of given frac- 
tions is a fraction the numerator of which is the 
continued product of the given numerators, and the 
denominator of which is the continued product of the 
given denominators. 

77. Problem. To divide by a fraction. 
Solution. Multiply by the divisor inverted. 

The preceding rules for the addition, subtraction, multi- 
plication, and division of fractions require no other denion- 
strations than those usually given in arithmetic. 

78. When the quantities multiplied or divided 
contain fractional terms, it is generally advisable to 
reduce them to a single fraction by means of art. 73 

79. EXAMPLES. 

1. Multiply together t-, -^ and -r;. Ans. j-z-^ 

a J oaf 

2. Multiply =-j^-z by _ , - . Ans. ^ ,. .- . 
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Product and Quotient of Fractions. Reciprocal. 



n h 

3. Multiply - by -. Ans. 1. 

o a 

4. Multiply a -| by x — 



a-|-x 

Ans. 



a9x9 



a 



i2_r2' 



6. Divide j- by -r. ilns. 7-. 

6 c 

C. Divide 1 by 7-. ^ 4w». ~. 

6 a 

^ n- ., 15a3x5 3fl«y2 20x12 

7. Divide —-73 — by - , - . il»s. - ^ ^ . 

a Divide x2 + — fl- by — ^^ x. 

^ a2— x-3 -^ a — X 



i4n5. 



a2 



a-^x 



80. The reciprocal of a quantity is the quotient 
obtained from the division of unity by the quantity. 

Thus, the reciprocal of o is — or a"^, that of a* is — 

.a a* 

or fl-*, that of a""* is a*, and that of — is 1 -*- — or — . 

b a 

Hence the product of a quantity by its reciprocal is unity; 
the reciprocal of a fraction is the fraction inverted ; and the 
reciprocal of the power of a quantity is the same power with 
its sign reversed. 

81. Corollary. To divide hy a quantity is the 
same as to multiply by its reciprocal ; and, con- 
versely, to multiply by a quantity is the same as t<i 
divide by its reciprocal. 

4* 
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Powers changed irom one Term to the other of a Fraction. 

Now a fraction is multiplied either by multiplying its 
liumerator or by dividing its denominator ; and it is divided 
either by dividing its numerator or by multiplying its de- 
nominator. Hence, 

It has the same effect to multiply one of the terms 
of a fraction by a quantity, which it has to multiply 
the other term by the reciprocal of the quantity. 

82. Corollary, If either term of a fraction is mul- 
tiplied by the power of a <|iantity, this factor may 
be suppressed, and introduced as a factor into the 
other term with the sign of the power reversed. 

By this means, a fraction can be freed from nega- 
tive exponents. 

83. EXAMPLES. 

1. Free the fraction -73^ — from negative exponents. 

Afis. -«-. 
ere 

^55-3^-2 

2. Free the fraction ■ _g ^ from negative exponents 

3. Free the fraction — ; — = » , p ^^ from negative ex- 

ao~^c ^a~^j* ° 

^ 65 f/7 e 
ponents. Ans. . _ ^., . 

I 4. Free the fraction Si* — z^ ^o™ negative expo- r 

, 2:8-1-3x3 

Dents. Arts, . - — . 

x^-f-l 
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- - - II «■ _ 1 

Product of Means equals that of Extremes. 

5. Free the fraction -—^ ^ — - — =5 from negative ex- X ' 

1 ^ x-^ — y— 2 ^ /^ ' 

ponents. ^ns. ^^^ % o * 

84. The preceding rules for fractions may all be 
applied to ratios by substituting the term antecedent 
for numerator, arid consequent for denominator. 



SECTION IV. 

Proportions. 

85. A proportion is the equation formed of two 
equal ratios. 

Thus, if the two ratios A : B and C : 1> are equal, the 
equation 

A:B=zC:D 

is a proportion ; and it may also be written 

B " D' 

The first and last terms of a proportion are called 
its extremes ; and the second and third its means. 

Thus, A and D are the extremes of this proportion, and 
B and C its means. 

86. If the ratios of the preceding proportion are reduced 
to a common consequent, in the same way in which frac« 
tions are, by art. 67, reduced to a common denominator, we 
have 

A xB:BxD = Bx CiBx D; 
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Product of Means equals that of Extremes. 

that 13, A X D and B x C have the same ratio to B x I>, 
and are consequently equal, that is, 

A X D = B X C, 

or the product of the means of a proportion is equal 
to the product of its extremes, 

This proposition is called the test of proportions, 
that is, if four quantities are such that the product 
of the first and last of them, is equal to the product 
of the second and third, these four quantities form a 
proportion. 

Demonstration. Let A, B, C, D he four quantities such 
that 

A X D =B xC. 

We have, by dividing B x D, 

AxD:BxD = BxC:BxD, . 

or, by reducing these ratios to lower terms, as in art. 40, 

A:B=C:D; 
that is, A, B, Cy D form a proportion. 

67. Corollary. If ^, B, C, D form a proportion, we 
obtain from the preceding test 

A :C=B:D 
B:A = D:C 
B:D = A:C 
D : C = B : A, &c.; 

that is, the terms of a proportion may be transposed 
in any way which is consistent with the application 
of the test. 
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To find the Fourth Terra of a Proportion. 



88. Problem. Given three terms of a proportion^ 
to find the fourth. 

Solution. The following ablution is immediately obtained 
from the test. 

When the required term is an extreme, divide the 
product of the means by the given extreme j and the 
quotient is the required extreme. 

When the required term is a mean, divide the 
product of the extremes by the given mean, and the 
quotient is the required mean. 

89. EXAMPLES. 

1. Given the three first terms of a proportion respectively 

BC 

A, B, C; find the fourth. Ans, —r-. 

A 

2. Given the three first terms of a proportion respectively 

2 a 62, 3 a2 6, 6 P : find the fourth. Ans. 9 a 6'2. 

3. Given the three first terms of a proportion respectively 
a"*, a^, aP ; find the fourth. Ans. a* +!'""*. 

4. Given the first term of a proportion a^ b^^ the second 

3 a® P, the fourth lab; find the third. Ans. J a"*! 

5. Given the first term of a proportion 6 a^^^b, the third 
ISa^b^, the fourth 40 a-^**-!) ; find the second. 

Ans. I6a-^b-^. 

6. Given the three last terms of a proportion respectively 
a2_62^ 2 (a + ft), aS-f 2a6 + 62 ; find the first. 

Ans. 2 (a — b). 

90. When both the means of a proportion are the 
same quantity, this common mean is called the mean 
proportional between the extremes. 
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Mean Proportional. Continued Frop>rtioD. 

Thus, when 

A'.B ^B:C, 

B is a mean proportional between A and C 

91. If the test is applied to the preceding proportion it 
gives 

m=zAxC\ 

whence 

that is, the mean proportional between two quantities 
is the sqicare root of their product. 

92. A succession of several equal ratios is called a 
continued proportion. 

Thus, 

A:B = C: D = E:F, (fee. 

is a continued proportion. 

93. Theorem. The sum of any number of ante- 
cedents in a continued proportion is to the sum, of the 
corresponding consequents, as one antecedent is to its 
consequent. 

Demonstration. Denote the. value of each of the ratios in 

the continued proportion of the preceding article by M^ and 

we have 

M=zA\B = C.D=E:F, &c. ; 

whence 

A = Bx M 

C=D X M 

E z=Fx M, fee. ; 

and the sum of these equations is 

A + C + E + 6lc. = {B + D ■{- F + &.C.) X M ; 
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Ratio of Sum of Antecedents to Sum of Consequents. 

whence 

A + C+E + &.c. _ A_C_E 

B + D + F-[-6lc,~' B^DT ' 

94. Corollary. Either antecedent may be rej)eat- 
ed any number of tim^s in the above sum>, provided 
its consequent is also repeated the same nwmber of 
times. 

95. Corollary. Either antecedent may be sub- 
traded instead of being added, provided its conse- 
quent is also subtracted. 

96. Corollary. The application of these results to the 

proportion 

A : B = C : D, 
gives 

A + C:B+D = A:B=C:D 

A^C:B — D=zA:B = C:D 

mA+nC:mB-\-nDz=A:B = C:D 

m A — n C : m B — n D z= A : B= C : D ; 

whence 

A'^C:B + D=zA-'C:B--D 

mA-^nCimB-^-nD^mA — nCiniB — n D; 

or, transposing the means as in art. 87, 

A'^C:A-^C=B + D:B^D 
mA-\-nC:mA — nC^mB-^nDimB — nD ; 

that is, the sum of the antecedents of a proportion is 
to the sum of the consequents, as the difference of the 
antecedents is to the difference of the consequents, o^ 
as either antecedent is to its consequent. 

Likewise, the sum of the antecedents is to their 
difference, as the sum, of the consequents is to their 
difference. 
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Ratio of Sum of two first Terms to that of two last. 

Moreover, in finding these stims and differences^ 
each antecedent may be multiplied by any number j 
provided its consequent is multiplied by the sams 
number. 

07. Corollary. These rules may also be applied to the 
proportioa 

obtained from 

A:B=zC:D 

by transposing its means, and give 

A + BiC-^D^A — BiC—D 

=^mA-\'nB:mC-\-nD^mA — nBimC — nD 
=zA:C=B:D; 
and 

A + B:A — B = C+D:C—D 

mA'{'nB:mA — nB = mC'\-n DimC — nD ; 

that is, the sum of the first two terms of a proportion 
is to the sum, of the last two, as the difference of the 
first two terms is to the difference of the last two, or 
as the first term is to the third, or as the second is to 
the fourth. 

Likewise, the sum of the first two terms is to their 
difference, as the sum of the last two is to their dif- 
ference. 

Moreover, in finding these sums and differences^ 
both the antecedents m^iy be m^uliiplied by the sam>6 
number, and both the consequents may be m^ultiplied 
by any num,ber, 

98. Two proportions, as 

A: B = C\ D 

and 

E : F= G: H, 



CH. II. ^ IV.] PROPORTIONS. 40 

Ratio of Reciprocals. 

may evidently be multiplied together, term by term^ 
and the result 

AXE.B xF^CX GiDxH 
is a new proportion. 

99. Likewise, all the terms of a proportion may 
be raised to the same power. 



Thus, 


A'.B^C\D 


gives 


A^iB^=:C^:D^ 




x/A:y/B=s/C: y/D 




i4« : B"» = C"» : D^ 



y/A : s/B = y/C: ^D 

* 

100. Theorem. The reciprocals of two quantities 
are in the inverse ratio of the quantities themselves. 

Thus A:B= 4- 4- 

B^ A 

Demonstration. For A, B, ^, and — are four quautitiei 

IS A -I 

such that the product of the first A and the last -j i^ ^^^ 

1 ^ 

dime with that of the second B and the third -= ; each pro- 

JS 

duct being equal to unity. 
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Letters used for unknown Quantities. 



CHAPTER III. 

EQUATIOJSS OF THE FIRST DEGREE. 
SECTION I. 

Putting Problems into Equations. 

101. The first step in the algebraic solution of a 
problem is the expressing of its conditions in alge- 
braic language ; this is called putting the problem 
into equations, 

102. No rule can be given for putting questions 
into equations, which is universally applicable. The 
following rule, can, however, be used in most cases, 
and problems, in which it will not succeed, must be 
considered as exercise% for the ingenuity. 

Represent the required quantities by letters of the 
alphabet. Perform or indicate upon these letters the 
same opei*ations which it is necessary to perform 
upon their values, when obtained, in order to verify 
them. 

It is usual to represent the unknown quantities by 
the last letters of the alphabet, as v, w, x, y, z, 

103. EXAMPLES. 

The following problems are to be put into equations, 

1. A person had a certain sum of money before him 
From this he first took away the third part, and put in its 



J 
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9 

Examples of pulling Questions inlo Equations. 

Stead $ 50 ; a short time after, from the sum thus increased 
he took away the fourth part, and put again in its stead 
9 70. He then counted his money, and found $ 120. 
What was the original sum ? 

Method of putting into equations. Let 

X =: the original sum expressed in dollars. 

Afler taking away the third part and putting in its stead 

8 50) there remains two thirds of the original sum increased 

by 9 50, or 

f X + 50. 

If from this sum is taken a fourth part, there remains 
three fourths ; to which is to be added $ 70, giving 

|(jx + 50) + 70 = ia: + 107i; 

which is found to be equal to $ 120. We have, therefore, 
for the required equation, 

^x^ 107j^ = 120. 

2. A merchant adds yearly to his capital one third of it, 
but takes from it at the end of each year $ 1000 for his 
expenses. At the end of the third year, after deducting the 
last $ 1000. he finds himself in possession of twice the sum 
he had at first. How much did he possess originally ? 

Ans, If X = the original capital in dollars, the required 

equation is 

|^a;_411l^ = 2x. 

3. A courier, who goes 31^ miles every 5 hours, is sent 
from a certain place ; when he was gone 8 hours, another 
was sent after him at the rate of 22 J miles every 3 hours. 
How soon will the Second overtake the first? 

Solution, If X = the required number of hours, the num- 
ber of hours which the first courier is on the road is x -}-8 ; 



52 ALGEBRA. [CH. Ill ^ I. 

Examples of putting Questions into Equations. 

and the distance which he goes is obtained from the pro- 
portion 

5 : X -|- 8 = 31 J : distance gone by 1st courier, 

whence, by art. 88, 

distance gone by 1st .courier == ^§ (z -j- 8). 

The distance gone by the second courier is obtained from 
the proportion 

3 : X = 22^ : distance gone by 2d courier ; 

whence 

distance g6ne by 2d courier = \^ x. 

But as both couriers go the same distance, the required 
equation is 

4. A courier went from this place, n days ago, at the 
rate of a miles a day. Another has just started, in pursuit 
of him, at the rate of b miles a day. In how many days 
will the second courier overtake the first ? 

Ans, If z = the required number of days, the required 
equation is 

6 a? = a (x -|- n). 

5. A regiment marches from the place A, on the road to 
JB, at the rate of 7 leagues every 2 days ; 8 days after, 
another regiment marches from B, on the road to ^, at the 
rate of 31 leagues every 6 days. If the distance between 
A and B is 80 leagues, in how many days after the depar- 
ture of the first regiment will the two regiments meet? 

Ans. If 0? = the required number of days, the required 
equation is 

Jar+V(^ — 8) = 80. 
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6. A hostile corps has set out two days ago from a certain 
place, and goes 27 miles daily. Another corps wishes to 
march in pursuit of it from the same place, and so quickly 
that it may reach the other in 6 days. How many miles 
must it march daily to accomplish it ? 

Ans. If 0? = the required number of miles, the required 

equation is 

6x = 216. 

7. From two different sized orifices of a reservoir, the 
water runs with unequal velocities. We know that the ori- 
fices are in size as 5 : 13, and the velocities of the fluid are 
as 8 : 7 ; we know farther, that in a certain time there 
issued from the one 561 cubic feet more than there did 
from the other. How much water, then, did each orifice 
discharge in this space of time ? 

Solution. Let x = the quantity discharged by the firsi 
orifice. 

As the size of the second orifice is i^ths of that of the 
first, the water discharged from the second orifice, if i1 
flowed at the same rate, would be 

1 3 7 

But as the water flows from the second orifice with a 
velocity Jths of that which it should have to discharge ^^ x 
in the given time, its actual discharge must be 

whence the required equation is 

\^ X — a: = 561. 

8. A dog pursues a hare. When the dog started, the hare 
had made 50 paces before him. The hare takes 6 paces 
to the dog's five ; and 9 of the hare's paces are equal to 7 
of the dog's. How many paces can the hare take before 
the dog catches her ? 
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Ans. If x = the required number of paces, the required 

equation is 

^^ a: — X == 50. 

9. A work is to be printed, so that each page may con- 
tain a certain number of lines, and each line a certain num- 
ber of letters. If we wished each page to contain 3 lines 
more, and each line 4 letters more, then there would be 
224 letters more on each page ; but if we wished to have 
2 lines less in a page, and 3 letters less in each line, then 
each page would contain 145 letters less. How many lines 
ar^ there in each page? and how many letters in each line? 

Solution, Let 

X = the number of lines in a page, 
y = the number of letters in a line, 

and we shall have 

X y •= the number of letters in a page. 

But if there were 3 lines more in a page, and 4 letters 
more in a line, the number of letters in a page would be 

(:F + 3)(y + 4) = a;y + 4x + 3y + 12, 

which exceeds the required number of letters in a page by 

4a: + 3y + 12; 

whence we have for one of the required equations 

4a; -|_3y-|. 12=224; 

and, in the same way, the condition, that 2 lines less in r 
page and 3 letters less in a line make 145 letters less in 
a page, gives the equation 

xy— (2 — 2)(y — 3) = 145,- 
or 

3x-|_2y — 6=145. 

10. Three soldiers, in a battle, make $ 96 booty, which 
they wish to share equally. In order to do this, A^ who 
made most, gives B and C as much as they already had; in 
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the same manner, B next divided with A and C, and ader 
this. C with A and B. If, then, by these means, the in- 
tended equal division is effected, how much booty did each 
soldier make ? 

Ans. If z z=z A*B booty, 

y = B*s booty, 

z = C*s booty, 

the required equations are 

2 -|- y -j- z = 96 
4x — 4y — 42 = 6y — 2a? — 2z 
4a? — 4y — 4z = 7z — x — y. 

11. A certain number consists of three digits, of which 
the digit occupying the place of tens is half the sum of the 
other two. If this number be divided by the sum of its 
digits, the quotient is 48 ; but if 198 be subtracted from it, 
then we obtain for the remainder a number consisting of 
the same digits, but in an inverted order. What number 
is this ? 

Ans. If X = the digit which is in the place of units, 
y = that in the place of tens, 
z = that in the place of hundreds. 

The number is == 100 z + 10 y + 2, 

and the required equations are 

lOOg-f lOy+a?^ - 

1002-f 10y + ar>-19S=100ar + 10y4^2. 

12. A person goes to a tavern with a certain sum of 
money in his pocket, where he spends 2 shillings ; he then 
borrov^s as much money as he had left, and going to another 
tavern, he there spends 2 shillings also ; then borrowing 
again as much money as was left, he wenC to a third tavern. 
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where likewise he spent 2 shillings, and borrowed as much 
as he had left ; and again spending 2 shillings at a fourth 
tavern, he then had nothing remaining. What had ho at 
first? 

Ans, If a; =^ the shillings he had at first, 

the required equation is 

8 25 — 30 = 0. 

13. A person possessed a certain capital, which he placed 
out ;•' a certain interest. Another person, who possessed 
$ 10 000 more than the first, and who put out his capital 
1 [)er cent, more advantageously than the first did, had an 
income greater by $ 800. A third person, who possessed 
$ 15 000 more than the first, and who put out his capital 2 
per cent, more advantageously than the first, had an income 
greater by $ 1500. Required the capitals of the three per- 
sons, and the three rates of interest. 

Ans, If X =-the capital of the first, 

y = his rate of interest per cent. 

the required equations are 

lOOOOv + z-flOOOO ^^^ 

15 000 y + 2x4- 30 000 _ ^^ 

100 = ^^""• 

14. A person has three kinds of goods, which together 
cost $ 230^\, The pound of each article costs as many 
twenty-fourths' of a dollar as there are pounds of that ar- 
ticle; but he has one third more of the second kind than he 
has of the first, and S^ times as much of the third as he has 
of the second. How many pounds has he of each article ? 

Ans. If X = the number of pounds of the first, 

the required equation is 

^> +^\3^ + tl x^ == 230,^. 
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15. A person buys some pieces of cloth, at equal prices, 
for 9 60. Had he got 3 pieces more for the same sum, 
each piece would have cost him $ 1 less. How many pieces 
did he buy ? 

Arts, If X =z the number of pieces bought 

the required equation is 

60_ 60 
X — X + 3 + 

16. Two drapers i4%nd B cut, each of them, a certain 
number of yards from a piece of cloth ; A however 3 yards 
less than B, and jointly receive for them $35. "At my 
own price,'' said A to B, ** I should have received $ 24 for 
your cloth." " I must admit," answered the other, " that, at 
my lo\^ price, I should have received for your cloth no more 
than $ 12j-." How many yards did each sell? 

Solution. Let x = the number of yards ^Id by A ; 

then X -|- 3 = the number sold by B, 

Now since A would have sold x -[- 3 yards for $24, 

24 



A*s price per yard = 



o ' 



ar-f 3 

and since B would have sold x yards for $ I2j^, 

lOi oe; 

Us price per yard = — - = — -. 
"^ X 2x 

Hence 

24 X 

the sum for which A sells x yards = — ; — ;, 

^ ar + 3 

the sum for which B sells x -J- 3 yards = — ' ' — '; 

A X 

and the required equation is 

242: 2o(a: + 3) _ 
x"+3 + ~"2T— == ^- 
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17. Two travellers, A and £, set out at the same time 
from two different places, C and D\ A^ from C to D; and 
B, from D U) C. When they met, it appeared that A had 
already gone 30 miles more than B : and, according to the 
rate at which they are travelling, A calculates that he can 
reach the place Z> in 4 days, and that B can arrive at the 
place C in 9 days. What is the distance between C and D 1 

Ans. If, when they meet, 

X := the distance gone by A, 

then, z — 30 = the distance gone by B ; 

the whole distance =: 2 x — 30 ; 

and the required equation is 

4a? _ 9(a; — 30) 

18. Some merchants jointly form a certain capital, in 
such a way that each contributes 10 times as many dollars 
as they are in number ; they trade with this capital, and 
gain as many dollars per cent, as exceed their number 
by 8. Their profit amounts to $ 288. How many were 
there of them ? 

Ans, If X = the number of merchants, the required 

equation is 

^1^ a^ (x + 8) = 288. 

19. Part of the property of a merchant is invested at such 
a rate of compound interest, that it doubles in a number 
of years equal to twice the rate per cent. What is the rate 

f interest? 

Ans, If X = the rate per cent., the required equation is 



/100 + x\2x_ 
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SECTION n. 

Reduction and Classification of Equations. 

104. The portions of an equation, which are sepa- 
rated by the sign =, are called its members ; the one 
at the left of the sign being called its first member, 
and the other its second member. 

105. Equations are divided into classes according 
to the form in which the unknown quantities are 
contained in them. But before deciding to which 
class an equation belongs, it should be freed from 
fracti?>ns, from negative exponents, and from the 
radical signs which affect its unknown quantities ; 
its members should, if possible, be reduced to a series 
of monomials, and the polynomials thus obtained 
should be reduced to their simplest forms. 

106. When the equation is thus reduced, it is said 
to be of the same degree as the number of dimen- 
sions of the unknown quantities in that term which 
contains the greater number of dimensions of the 
unknown quantities. 

Thus, X and y being the unknown quantities, the equa- 
tions 

10z + y = 3, 
are of the first degree ; 

x2 -{- 3 a? + 1 t= 6, 
xy = 11, 

are of the second degree, &c. 
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107. Bm when an equation does not admit of 
being reduced to a series of monomials, or, when 
being so reduced, it contains terms in which the un- 
known quantities or their powers enter otherwise 
than as factors, it is said to be transcendental ; and 
the consideration of such equations belongs to the 
higher branches of mathematics. 

Thus, a* = 6 

are transcendental equations. 

108. An equation is said to be solved, when the 
values of its unknown quantities are obtained ; and 
these values are called the roots of the equation. 

109. The reduction and solution of all equations 
depends upon the self-evident proposition, that 

Both members of an equation m>ay be increased, 
diminished, m^ultiplied, or divided by the same quan- 
tity, without destroying the equality. 

110. Corollary. If all the terms of an equation 
have a common factor, this factor may be suppressed. 

111. EXAMPLES. 

1. If the factor common to the terms of the equation 

a2 arS + 3 a3 a:9 = a^ 3^ 
is suppressed, what is the resulting equation ? 

Ans, x*3 -{- 3 a = 1. 

2. If the factor common to the terms of the equation 

is suppressed, what is the resulting equation? 

Ans. a -|- 3 a^ a? = 1. 
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1 12. Probleni. To free an equation from frac- 
tions. 

Sohition. Reduce^ by arts. 67 and 68, all the 
terms of the equation to fractions having a com^mon 
denom,inator, and suppress the common denominator, 
prefixing to the numerators the signs of their re- 
spective fractions. 

Demonstration. ^ For suppressing the denominator of a 
fraction is the same as multiplying the fraction by its de- 
nominator ; and, consequently, both the members of this 
equation are, by the preceding process, multiplied by the 
common denominator. 

ll?. Corollary. It must be strictly observed that, 
when the denominator of a fraction is removed, the 
sign, which precedes the fraction, affects all the 
terms of the numerator. If therefore this sign is 
negative, £dl the signs of the numerator are to be 
reversed. 



114. EXAMPLES. 

1. Free the equation 

a . c a — c _ 1 

from fractions. 

Solution. This equation, when its terms are reduced to 
a common denominator, is 

ad j^ he a — c hdhz hd 



bdx ^ bdx bdx bdx bdx* 
6 
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Suppressing the commoD denominator, we have 

ad-\^bc — (a — c)=zbdhx — hd, 
or 

ad-^-bc — a-[-c = 6rfA2 — bd. 

2. Free the equation 

3a — 5x , 2tf — X «+/ , 

= — L-£. — dx 

a — c ' d a — c 

from fractions. 

Ans. Sad — 5rfx-|-2a2 — ax — 2ac-\-cx = arf-|- 

df^ad^x-^-cd^x. 

3. Free the equation 

Sx _g_ 20 



2;-f2 3x 

from fractions. 

ilw5. 24 a;2— 18 a:2 __ 36 X = 20 a: + 40. 

4. Free the equation 

18 + x _ 20x + 9 65 

6 (3-07) ■" 19 — 7a: 4(3—0?) 
from fractions. 

^/is. 684 — 214 a? — 14 0:2 =, 612 a: -j. 324 — 240 x2 — 

3705 4- 1365 X. 

5. Free the equation 



+ -^ 



x — i^ x-\-y X — y ic + y or^— y^ 
from fractions. 

Ans, x2-[-2xy-|-y2 — x^J^2xy — y^^ix-^-y — x-f- 

6. Free the equation 

a* _ a* -f 6* 

6* "~ a* — ^^ 6* 
from fractions. 

^/i5. a2 * — a'b* = a* 6* -f 6^ » 
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To free a Fraction from negative Exponents. 

115. Corollary, If the given equation contains 
negative exponents, it can be freed from them by 
• tfls. 80 and 82. 



116. EXAMPLES. 

1. Free the equation 

! = 2~1 

from fractions and negative exponents. 

Ans. ar3-f-a:= 0^ — 1. 

2. Free the equation 

7"-}-2:~" a* — a~* 

from fractions and negative exponents. 

Arts. x4«a2._a9» = a4»a;Qa_2;Qa, 



117. Theorem. A term may be transposed from 
one mem,ber of an equatioii to the other member^ by 
m,€rely reversing its sign ; that is, it may be sup- 
pressed in one member and annexed to the other 
member with its sign reversed from + ^^ — , or 
from — to +. 

Proof. For suppressing it in the niember in which it at 
first occurs is the same as subtracting it from that member ; 
and annexing it to the other member with its sign reversed 
is, by art. 26, subtracting it from the other member ; and, 
therefore, by art. 109, the equality is preserved. 

1 18. Corollary. All the terms of an equation may 
be transposed to either member^ leaving zero in the 
other member; and the polynomial thus formed may 
be reduced to its simplest form^ by arts. 20 and 110 



1 
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119. EXAMPLES. 

1. Reduce the equation 

X — 1 "" x + l i^ZTi 

to its simplest form in a series of monomials. 

Solution. This equation, freed from fractions by arts. 
112 and 113, is 

which becomes, by the transposition of its terms and by the 
reduction of art. 20, 

12x*+i4-llx* = 0, 

and, by striking out the factor x*, 

12 x+ 11 = 0. 

2. Reduce the equation 

xa-f-l _ X — 1 __ x-f 1 
a:2_i (x-^l)2— X— 1 

to its simplest form in a series of monomials. 

-4n5. 2x9-f-l=0. 

3. Reduce the equation 

ax2-f-&x-)-c flx^ — hx — c 

to its simplest form. 

Ans, bx-\-c — (2 = 0. 

i. Reduce the equation 

a* -f- a"* a* — a*"* 

X" -j- x~" X" — «"• 

to its simplest form. 

Ans. flr2»==x»«. 
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SECTION in. 

Solution of Equations of the First Degree, with one unknown quantity. 

120. Theorem, Every equation of the first do- 
gree, with one unknown quantity, can be reduced to 

the form 

Ax + B = 0] 

in which A and B denote any known quantities^ 
whether positive or negative, and x is the unknown 
quantity. 

Proof When an equation of the first degree with one 
unknown quantity is reduced, as in art. 118, its first mem- 
ber is composed of two classes of terms, one of which con« 
tains the unknown quantity, and the other does not. If the 
unknown quantity, which we may suppose to be z, is taken 
out as a factor from the terms in which it is contained, and 
its multiplier represented by A, the aggregate of the first 
class of terms is represented by i4 x; and the aggregate of 
the terms of the second class may be represented by B ; 
whence the equation is represented by 

121. Problem,, To solve an equation of the first 
degree with one unknown quantity. 

Solution, Having reduced the given equation to the form 

i4x+5 = 0, 
transpose B to the second member by art. 117, and we have 

Dividing both members of this equation by A^ gives 

_ B 
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Hence, to solve an equation of the^first degree^ re- 
duce it, as in art. 120, and transpose its known 
terms to the second member, and all its unknown 
terms to the first m,emher ; and the value of the un^ 
known quantity is equal to the quotient arising from 
the division of the second member by the multiplier 
of the unknown quantity in the first member, 

122. Corollary. When A and B are both positive 
or both negative, the value of x is, by art. 35, nega- 
tive ; but when A and B are unlike in their signs, 
one positive and the other negative, x is positive. 

123. Corollary. When we have . 

£ = 0, 

the value of x is 

A 

124. Corollary. When we have 

^ = 0, 
the value of x is 

__B 

^ 0' 

But the smaller a divisor is, the oflener must it be con- 
tained in the dividend, that is, the larger must the quotient 
be ; and' when the divisor is zero, it must be contained an 
infinite number of times in the dividend, or the quotient 
must be infinite. Infinity is represented by the sign co 
We have, then, in this case, 

Z =±s OD 

The given equation is, however, in this case, 

Oxx+J5 = 0, 
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which reduces itself to 

5=0, 
an obvious absurdity, unless B is zero. 

The sign oo is, therefore, rather to be regarded as 
the expression of the peculiar species of absurdity 
which arises from diminishing the^denominator of a 
fraction till it becomes zero. 

125. Corollary, When we have 

^ = 0, and B'= 0, 

the value of x is 

_ _ _ 
"" ~ ~ 0' 

which is equal to any quantity whatever, and is 
called an indeterminate expression. 

The given equation is, indeed, in this case 

X a: + = 0, 

an equation which is satisfied by any value whatever ^ 
of X, and is called an identical equation, ^ 



126. EXAMPLES. 

1. Solve the equation 

8z — 5=13 — 7z. 

Ans, x= 1 {• 

2. Solve the equation 

^^JU^-4-^ =72 — 7124-—. 

Ans. X =SL 116j}f. 
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3. Solve the equation 

Ans. % = T. 

a — 6 

4. Solve the equation 

^ dx * d 

. d 

Ans, X = — . 
c 

5. Solve the equation 

cx^ f x^ 



a-^-h X d-^-tx 

. cd — af af — cd 

bj — ce ce — bj 

6. Solve the equation 

fl-jr6 + (a4-6)3+ "^ + 6)2 — «^ca;-f^. 

. ab 

Ans, X = — r-^. 
a-\-b 

7. Two capitalists calculate their fortunes, and it appears 
that one is twice as rich as the other, and that together they 
possess $ 38 700. What is the capital of each ? 

Ans. The one has $ 12 900, the other $ 25 800. 

8. To find two such numbers, that the one may be m 

times as great as the other, and that their sum = a, 

• . a .ma 

Ans, — .-- and 



iw-|-l m -|- 1' 

9. The sum of $ 1200 is to be divided between two per- 
sons, A and jB, so that ^'s share is to B's as 2 to 7. How 

much does each receive ? 

Ans. A $ 266f , B $ 933 J. 
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10. To divide a number a into two such parts, that the 

first part is to the second as m to n, 

. ma . n d 
Arts. — : — and 



11. How much money have I, when the 4th and 5th 

parts of it amount together to $ 2,25 ? 

Ans, $5. 

12. Find a number such, that when it is divided succes- 
sively by m and by n, the sura of the quotients = a, 

. mna 
Ans. — 7— . 
m-f-n 

13. Divide the number 46 into two parts, so that when 
the one is divided by 7, and the other by 3, the sum of the 
quotients = 10. Ans, 28 and 18. 

14. All my journeyings taken together, says a traveller, 
amount to 3040 miles ; of which 1 have travelled 2^ times 
as much by water as on horseback, and 2^ times as much 
on foot as by water. How many miles did he travel in each 
of these three ways ? 

Ans, 240 miles on horseback, 840 miles by water, and 

1960 miles on foot. 

15. Divide the number a into three such parts, that the 

second may be m times, and the third n times as great as 

the first. 

a ma na 



Ans, 



1 + m + n' 1 + wi 4- n' 1 + m -f » 



16. A bankrupt leaves $21 000 to be divided among four 

creditors A, B, C, D, in proportion to their claims. Now o f 

ii*s claim is to B's as 2 : 3 ; B's claim : Cs = 4:5; and * 

C*9 claim : D^s =6:7. How much does each creditor 

receive ? 

Ans. A $3200, B $4800, C $6000, D $7000. 
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p 17. Divide the number a into three such parts, that the 

* Ist shall be to the 2d as m to n ; and the 2d part : the 
3d =z= jj : jr. 

. mpa npa nqa 



mp+np-i-nq^ mp-^np-i-nq' mp-^np-^nq' 

m 

18. There are two numbers whose sum is 96, and differ- 
ence 16 ; what are they ? Ans, 56 and 40. 

19. A father gives to his five sons $ 1000, which they 
are to divide according to their ages, so that each elder son 
shall receive $ 20 more than his next younger brother. 
What is the share of the youngest? Ans, 160. 

20. One has six sons, each whereof is 4 years older than 
his next younger brother ; and the eldest is three times as 
old as the youngest. What is the age of the eldest? 

Ans. 30 years. 

21. There is a certain fish whose head is 9 inches ; 

^ the tail is as long as the head and half the back ; and the 

' back is as long as both the head and the tail together. 

What is the length of the fish ? 

Ans, 72 inches, 

22. Five gamesters have lost jointly $ 40| ; ^'s loss 
amounts to ^ dollar more than triple A*s ; Cs loss is $2 
less than twice U's ; D lost ^ dollar less than A and B 
together; and £ twice as much as/? less ^ dollar. How 
much did each o£ them lose ? 

Ans. A $2, ^$6^. C$11, 1> $8J, E $ 12J. 

23. A mason, 12 journeymen, and 4 assistants, receive 
together 9 72 wages for a certain time. The mason re- 
ceives $ 1 daily, each journeyman ^ dollar, and each as- 
sistant ^ dollar. How many days must they have worked 
for this money ? Ans. 9 days. 
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24. Find a number such that if you multiply it by 5, 
subtract 24 from the product, divide the remainder by 0, 
and add 13 to the quotient, you will obtain this number. 

Ans, 54. 

■ 

25. A courier lefl this place n days ago, and makes a 

miles daily. He is pursued by another making 6 miles 1 » 

daily. In how many days will the second overtake the 

first ? ^ w « , 

Ans, -z days. 

b — a 

26. A courier started from a certain place 12 days ago, 
and is pursued by another, whose speed is to that of the first ? 
as 8 : 3. In how many days will the second overtake the 
first? Ans, 1\ days. 

27. A courier started from this place n days ago, and 

is pursued by another whose speed is to that of the first t 

as p is to q. In how^iany days will the second overtake 

the first? . nq 

Ans, 



p — q 

28. Two bodies move in opposite directions ; one moves 

c feet in a second, the other C feet. The two places, from ^r 
which they start at the same time, are distant a feet from * 
one another. When will they meet ? 

Ans, In y^-. — seconds. 
C -4— c 

29. Two bodies move in the same direction from two 
places at a distance of a feet apart; the one at the rate of ■(/ 
c feet in a second, the other pursuing it at the rate of C 
feet in a second When will they meet ? 

Ans. In -= seconds. 

C — c 

30. At 12 o'clock, both hands of a clock are together, o 
When and how often will these hands be together in the j 
next 12 hours? 



v-r 
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Ans. At 5(^ minutes past 1, at lO-f) minutes past 2, 
at 16^ minutes past 3» and so on, in each successive 
hour, 5^ minutes later. 

31. Two bodies move after one another in the circum- 
ference of a circle,. which measures p feet. At first they 
are distant from each other by an arc measuring a feet, 
the first moves c feet, the second C feet, in a second. 
When will those two bodies meet for the first time, second 
time, and so on, supposing that they do not disturb each 
other's motion t 

Ans, In Yi — » Ti~> /, > ^c-i seconds. 



C-c' C—c^ C— 



c 



32. When will they meet if the first begins to move t 
seconds sooner than the second ? 

a + ct p+a-^ct 2p + a+ct ^ , 

A ns. In -7= , ~= , — ~= , &c., seconds. 

C — c C — c C — c 

33. But when will they meet, if the first begins to move 
t seconds later than the second ? 

- a — ct » + a — ct 2p+CT — ct ^ . 

Ans, In Yi > ^—7^ » —^-7^ j&c, seconds. 

34. When will they meet, if the first, instead of running 
in the same direction with the second, runs in the opposite 
direction, and starts at the same time ? 

a p+a ^p + a 3p+a 

35. When will they meet, if, moving in an opposite di- 
rection to the second, the first starts t seconds sooner than 
the second ? 

^ a — ct » + « — ct 2p+a — ct . . 

Ans, In 7=~T — » — 77-7 , -Vrr 1 , &c., seconds. 

C -j- c C -f- c C -j- c 
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36. But when will they meet, if, moving in an opposite 
direction to the second, the first starts t seconds later than 

the second ? 

a-\-ct p-\-a4-ct 2p+a + ct . , 

Ans, In — , ' ■' , -^^-r-' — , &c., seconds. 

C-f-c C-f-c (J -f- c 

37. A wine merchant has two kinds of wine ; the one 
costs 9 shillings per gallon, the other 5. He wishes to mix 
both wines together, in such quantities, that he may have 
50 gallons, and each gallon, without profit or loss, may be 
sold for 8 shillings. How must he mix them ? 

Ans. 37 j- gallons of the wine at 9 shillings, with 12^ 

gallons of that at 5 shillings. 

38. A wine merchant has two kinds of wine ; the one 
costs a shillings per gallon, the other b shillings. How 
must he mix both these wines together, in order to have n 
gallons, at a price of c shillings per gallon ? 

Ans, J- gallons of the wine at b shillings, and ^^ j- 

gallons of that at a shillings. 

39. To divide the number a into two such parts, that, 
if the first is multiplied by m and the second by n, the sum 
of the products is 6. 

. b — na , ma — b 

Ans, and . 

m — n m — n 

40. One of my acquaintances is now 30, his younger 
brother 20 ; and consequently 3 : 2 is the ratio of his age 
to his brother's. In how many years will their ages be as 
5:4? Ans. In 20 years. 

41. What two numbers are those, whovse ratio =: a : b; 
but, if c is added to both of them the resulting ratio z=m:n} 

. ac(m — n) . bc(m — n) 

Ans. — ^^ -. — ' and — ^ r — -. 

an — bm an — o m 
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42. Find a number such that 5 times the number is as 
much above 20, as the number itself is below 20. 

Ans, 6J. 

43. A person wished to buy a house, and in oider to 
raise the requisite capital, he draws the same sum from 
each of his debtors. He tried, whether, if he obtained 
$ 250 from each, it would be sufficient for the purpose ; 
he found, however, that he should then still lack $ 2000. 
He tried it, therefore, with $340; but this gave him $ 8d0 
more than he required. How many debtors had he ? 

Ans, 32. 

44. A father leaves a number of children, and a certain 
sum, which they are to divide amongst them as follows: 
The first is to receive $ 100, and then the 10th part of the 
remainder; after this, the second has $200, and the 10th 
part of the remainder; again, the third receives $300, and 
the 10th part of the remainder ; and so on, each succeed- 
ing child is to receive $ 100 more than the one preceding, 
and then the 10th part of that which still remains. But 
it is found that all the children have received the same, 
sum. What was the fortune left? and what was the num- 
ber of children ? 

Ans. The fortune was $8100, and the number of 

children 9. 

45. Divide the number 10 into two such parts, that the 
difference of their squares may be 20. Ans, 6 and 4. 

46. Divide the number a into two such parts, that the 
difference of their squares may be b, 

Ans, -— ' — and -— — . 
2a 2a 

47. What two numbers are they whose difference is 6 

and the difference of whose squares is 45? 

Ans. 7 and 2. 
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* 

48. What two numbers are they whose difference is a, 
and the difference of whose squares is 6 ? 

6 — /i3 ^ 6 + a9 
Ans. — ^ — and — ^ — . 
2a 2a 

127. Corollary. When the solution of a problem 
gives zero for the value of either of the unknown 
quantities, this value is sometimes a true solution ; 
and sometimes it indicates an impossibility in the 
proposed question. In any such case, therefore, it is 
necessary to return to the data of the problem and ^ 
investigate the signification of this result. O 



128. EXAMPLES. 



1. In what cases would the vahie of the unknown quan- 



lity in example 25 of art. 126 become zero? and what p- 
would this value signify ? J /vCt .• ^ 

Solution, As the value of the unknown quantity of the |ib. //?/;'<' 
example is the fraction, which is its answer; it is zero, when i^\- ' avr 

na 
6 — a 
or, clearing from fractions, when 

na :z= 0; 
that is, when 

n = 0, or when a == ; 

and, in either case, this value signifies that the couriers are 
together at the outset; and zero must, therefore, be regarded 
as a real solution. 

2. In what cases would the value of the unknown quan- 
tity in example 35 of art. 126 become zero? and what 
wouM this value signify ? 
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Ans, When t = —, or = ^— ' — , or = -^^— ' — , &c., 

c c c 

and either of these equations signifies that the bodies are 
together when the second body starts, the first body hav- 
ing just arrived at the point of departure of the second, 
and zero is, therefore, to be regarded as a real solution 

3. In what cases would the value of one of the unknowi 
quantities in example 3d of art. 126 become zero? and 
what would this value signify ? 

Ans, When either 

a z= c, or b = c ; 

and, in either case, these equations indicate that the price 
of one of the wines is just that of the required mixture, 
and, of course, needs none of the other wine added to it 
to make it of the required value ; and zero, must, there- 
fore, be regarded as a true solution. 

4. In what cases would the value of one of the unknown 
quantities in example 39 of art. 126 become zero? and 
what would this value signify ? 

Atis. When 

6 = n tf , or = ffi a ; 

and these equations indicate that a is itself such that, 
multiplied either by m or by n, it gives a product = b ; 
and zero may be regarded as a true solution, expressmg 
that one of the parts is zero, while the other is the num- 
ber a itself. 

5. In what cases would the value of one of the unknown 
quantities in example 41 of art. 126 become zero? and 
what would this value signify ? 

Ans. First, When 

a = 0, or 6 = 0, 

and, in this case, zero is a true solution by regarding all 

numbers as having the same ratio to zero. 
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Secondly, When c = 0, 
and, in this case, the problem is impossible, for no two 
numbers can be in the ratio a : 6, and, without having 
any thing added to or subtracted from them, acquire the 
different ratio m : n. 

J^hirdly, When m = n, 

and, in this case, the problem is impossible, for no two 
numbers, whose ratio = a : 6, and which are therefore 
unequal, can, by the addition of c to each of them, 
become equal to each other, as required by the ratio 
m : It = m : m = 1. 

129. When the solution of a problem gives, for 
the vahies of one of its unknown quantities, any 
fractions, the denominators of which aie zero, while 
the numerators are not zero ; such values are, gener- 
ally, to be regarded as indicating an absurdity in the 
enunciation of the problem. 



130. EXAMPLES. 

1. In what case does the denominator of the fractional 
value of the unknown quantity in example 25 of art. 12G 
become zero? and what is the corresponding absurdity in 
the enunciation of the problem ? 

Ans. When a = b, 

and the absurdity is, that, while the couriers are travel- 
ling at the same rate, it is required to determine the time 
in which one will overtake the other. 

2. In what c^se do the denominators of the fractional 
values of the unknown quantity in example 38 of art. 12G 
become zero? and what is the corresponding absurdity in 

tbe enunciation of the problem? 

7» 
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Cases in which the value of the unknown quiiiitity is indetcrmiuate. 

Ans, When a = b, 

and the absurdity is that, while both the wines are of the 
same value, they should give a mixture uf a value dilTer- 
ent from their common value. 

3. In what case would the denominators of the fractional 
values of the unknown quantities in example 41 of art. 126 
become zero? and what is the corresponding absurdity of 
the enunciation ? 

Ans, When 

an^=b m^ that is, when a : 6 = t?i : n ; 
and the absurdity is, that the ratio of two unequal num- 
bers should not be changed by increasing them both by 
the same quantity. 

4. In what case would the denominators of the fractional 
values of the unknown quantities in example 48 of art. 126 
become zero? and what is the corresponding absurdity of 
the enunciation ? 

Ans. When a = 0, 

and the absurdity is, that the squares of two equal num- 
bers should differ. 

131. Corollary, When the solution of a problem 
gives for the value of either of its unknown quanti- 
ties a fraction whose terms are each equal to zero, 
this value generally indicates that the conditions of 
the problem are not sufficient to determine this un- 
known quantity, and that it may have any value 
whatever. In some cases, however, there are limi- 
tations to the change of value of the unknown 
quantity. 
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132. EXAMPLES. 

1. In what case would both the terms of the fractional 
value of the unknown quantity in example -25 of art. 120 
become zero? and how could this value be a solution ? 

Ans. When b = a, and n = ; 
and these equations signify, that the couriers travel equally 
fast, and start at the same time ; and, therefore, they re- 
main together, and any number whatever may be taken 
as the value of the unknown quantity. 

2. In what case would both the terms of either of the 
fractional values of the unknown quantity in example 31 
of art. 126 become zero ? and how could this value be a 
solution ? 

,Ans. When a = 0, and C = c; 
and these equations signify, that the bodies move equally 
fast, and start from the same place ; they, therefore, re- 
main together, and any number whatever may be taken 
as the value of the unknown quantity. 

But, in this case, all the algebraic values of the un- 
known quantity but the first become infinite, as they 
should, because they are obtained on the supposition, that 
the second body has passed round the circle once, twice, 
d&c, oflener than the first body ; which is here impos- 
sible. 

3 In what case would all the terms of the fraction ?i. 
values of the unknown quantities in example 33 of art. 120 
become zero? and how could they, then, satisfy the con- 
ditions of the problem ? 

Ans. When a = 6 = c ; 

and these equations signify, that the wines and the mix- 
ture are all of the same value; in whatever proporticm, 
therefore, the wines are mixed together, the mixture 
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must be of the required value. But the values of the 
unknown quantities are still subject to the limitation that 
their sum is it. 

4. In what case would the terms of the fractional values 
of the unknown quantities in example 39 of art. 126 be- 
come zero? and how could they, then, satisfy the con- 
ditions of the problem ? 

Ans, When 

711 = It, and 6 = It a = nt a ; 
and these equations signify, that the sum b of the pro- 
ducts of the parts of a multiplied by iit = n is to be equal 
to the product of a multiplied by it; and this is, evidently, 
the case into whatever parts a is divided. 

5. In what cases would all the terms of the fractional 
values of the unknown quantities in example 41 of art. 126 
become zero 1 and how could they, then, satisfy the con- 
ditions of the problem? 

i4fi5. FHrst, When 

a : 6 = m : It, and c = ; 
for these equations indicate that the two required numbers 
are only subject to the condition that their ratio = a : 6. 

Secondly. When 

m = n, and a:6=iii:ii = m:w = l, that is, a = 6 ; 
for these equations indicate that the two numbers are to 
be equal ; and that they are to remain equal, when they 
are increased by c, which would always be the case. 

6. In what case would all the terms of the fractional 
values of the unknown quantities in example 48 of art. 126 
become zero ? and how could these values be solutions ? 

Ans, When a = 0, and 6 = 0; 
and their equations indicate that the numbers are to be 
equal, and that their squares are to be equal, which is 
always the case with equal numbers. 
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133. Corollary* When the solution of a problem 
gives a negative value to either of the unknown 
quantities, this value is not generally a true solution 
of the problem ; and if the solution gives no other 
than negative values for this quantity, the problem 
is generally impossible. ^ 

But, in this case, the negative of the negative 
value of the unknown quantity is positive ; so that 
the enunciation of the problem can often be cor- 
rected by changing it, so that this unknown quan- 
tity may be added instead of being subtracted, and 
the reverse. 



134. EXAMPLES. 

1. In what case would the value of the unknown quan- 
tity in example 25 of art. 126 be negative ? why should it be 
so? and could the enunciation be corrected for this case? 

Ans. When a'^ h\ 

that is, when the second courier goes slower than the one 
he is pursuing, in which case he evidently cannot over- 
take him ; and the enunciation does not, in this case, 
admit of a legitimate correction. 

2. In what case would the values of the unknown quan- 
tities in examples 29, 31, 32 of art. 126 be negative? why 
should this be so? and could the enunciations be corrected 
for this case ? 

Ans, When c^ C ', 

that is, when the first body moves faster than the second, 
in which case the second cannot overtake it. 

The enunciation may be corrected for this case by 
supposing the bodies to travel in the opposite direction to 
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that which they are at present taking, that is, by suppos- 
ing the 6rst body to pursue the second. 

Examples 31 and 32 are not, however, impossible in 
this case : for, from the very nature of their circular mo- 
tion, the first body is necessarily pursuing the second even 
in their present direction ; the second body must not, 
however, be considered ift a feet ox a -\- c t feet behind 
the first, but as p — a or p — (a -|- c t) feet before it. 

3. In what cases would the values of the unknown quan- 
tity in example 33 of art. 126 be negative? why should this 
be the case? and could the enunciation be corrected for 
this cas^ ? 

Ans. First. When C <^ c, 
which is subject to the same remarks as in the preceding 
question. 

Secondly. When C ^ c, 

and c^^ a, or '^p -{-a^ or ^2/?-|-a, &c. , 
that is, when the first body does not start until the second 
body has passed it once, or twice, or three times, &lc. ; and 
if the bodies were moving in the same straight line, the 
enunciation would not admit of legitimate correction. As 
it is, however, the first body is still pursued by the second, 
and is/7-|-a — ct,^p-\-a — ct, &c., feet before the 
second, when it starts; so that all the values given for the 
unknown quantity are correct, except the negative ones, 

4. In what cases would the values of the unknown quan- 
tity in example 35 of art. 126 be negative? why should this 
be the case? and could the enunciation be corrected for 
Ihis case ? 

Ans. When 

c^>a, or^p-j-a, or^2j?-j-®> ^^- '» 
that is, when the first body has passed the second once, 

twice, &c., before the second begins to move. 

If the bodies were moving in the same straight line, 
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the second body would be obliged to change its direction, 
and move in the same direction with the first, and even 
with this change of enunciation the problem is impossible, 
if the second body moves slower than the first. 

But as it is, the bodies are still moving towards each 
other in the circumference of the circle; their distance 
apart at the instant when the second body starts being 
p-^-a — c ^, or 2p -\-a — ct, &c., feet ; so that all the 
positive values of the unknown quantity remain as true 
solutions. 

5. In what cases would the values of either of the un- 
known quantities in example 38 of art. 126 be negative ? 
why should this be the case? and could the enunciation be 
corrected for this case ? 

Ans, If we suppose, as we evidently may, that a ^ 6 ; 
one of the values is negative. 

First. When a <^c; 

that is, when the price of the most expensive wine is less 
than that of the required mixture. 

Secondly. When b ^ c; 

that is, when the price of the least expensive wine is 
more than that of the mixture. 

In either case the problem is altogether impossible, 
for two wines cannot be mixed together so as to prod are 
a wine more valuable than either of them without a gain, 
or less valuable than either of them, without a loss. 

6. In what cases would the \'alue of either of the un- 
known quantities in example 39 of art. 126 be neffative? 
why should this be so? and could the enunciation be cor- 
rected for this case? 

Ans. Supposing, as we may, that m ^ n ; 

First When n a^ b^ 

that is, when the sum b of the products is less than the 
product of a by the least of the numbers m and n. 
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Secondly, When m a ^h \ 
that is, when the sum b of the products is greater than 
the product of a hy the greater of the numbers m and it. 

In either of these cases, the problem is plainly impos- 
sible ; and, in the corrected enunciation, a should be the 
difference of the required numbers, and h the difference 
of the products obtained from multiplying one of the 
numbers by m and the other by it. 

7. In what cases would the values of the unknown quan- 
tities in example 41 of art. 126 be negative? why should 
this be so ? and could the enunciation be corrected for this 
case? 

Ans, First. When 

m^n, and an<^6m, or a\h<^m\n\ 
that is, when the first ratio is less than the second, and 
the second is greater than unity. 

Secondly. When 

m <^ », and a\h^m',n] 
that is, when the second ratio is less than the first, and 
also less than unity. 

In either case the problem is impossible, and c is to 
be subtracted instead of being added in the corrected 
enunciation. 

8. In what case would the value of one of the unknown 
quantities in example 46 of art. 126 be negative ? why 
should this be so? and could the enunciation be corrected 
for this case ? 

Ans, When 6 ^ a^ . 

that is, when the difference of the squares of the parts of a 
is to be greater than the square of the number itself, which 
can never be the case; for the greatest possible difference 
of squares corresponds to the case in which one of the 
parts is the number a itself, and the other is zero; and 
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the difierence of the squares is then just equal to the 
square of a. 

The enunciation is corrected for this case by stating it 
as in example 48. 

135. Corollary. It follows from example 7 of the 
preceding section that a fraction or ratio, which is 
greater than unity, is increased by diminishing both 
its terms by the same quantity; and a fraction or 
ratio, which is less than unity, is diminished by di- 
minishing both its terms by the same quantity ; but 
the reverse is the case, when the terms are increased 
instead of being diminished. ^ 



SECTION IV. 

Equations of the First Degree containing two or more unknown quantities. 

136. In the solution of complicated problems in- 
volving several equations, it is often found convenient 
to use the same letter to denote similar quantities, 
Accents or numbers being placed to its right or left, 
above or below, so as to distinguish its different val- 

a»v, . . . a<">, &c. 
a^*\ . . . a^\ &c. 

^a, ....■«, &c. 

*fl, .... "fl, &LC, 
4^1, .... n^, &€. 

aj, \, i^s, 3«% i«", — J«J^^&,c. 

may all be used to denote different quantities, though they 

generally are supposed to imply some similarity between the 

8 



ues. 






Thus, a, 


a>, a" 


a'", 


a«, 


a^. 


a^, 


«i, 


a., 


Os, 


'«, 


"a. 


"'a, 


•«. 


'«. 


\ 


i". 


jflT, 


8«, 
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quantities which they represent. Care must be taken not 
to confound the accents and the numbers in parentheses at 
the right with exponents. 

137. Problem, To solve an equation with several 
unknown quantities. 

m 

Solution. JSolve the given equation precisely as if 
all its unknown quantities were known, except any 
one of them which m,ay be chosen at pleasure ; and 
in the value of this unknown quafitity, which is thus 
obtained in terms of the other unknown quantities^ 
any values whatever m^ay be substituted for the other 
unknown quantities, and the corresponding value of 
the chosen unknown quantity is thus obtained. 

138. Corollary. An equation which contains sev- 
eral unknown quantities is not, therefore, sufficient to 
determine their values, and is called indeterminate. 

139. Scholium,. The roots of an indeterminate 
equation are sometimes subject to conditions which 
cannot be expressed by equations, and which limit 
their values ; such, for instance, as that they are to 
be whole numbers. But their investigation depends, 
in such cases, upon the particular properties of differ- 
ent numbers, and belongs, therefore, to the Theory 
of Numbers. 

140. Theorem. Every equation of the first rfe- 
gree can be reduced to the form 

Ax-\-By + Cz + &cc. +1^1=0] 

in which A, B, C, c^f^c. and M are known quantities^ 
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either positive or negative^ and x, y, z, 8f*c. are the 
unknown quantities. 

Proof, When an equation of the first degree is reduced, 
as in art. 118, the aggregate of all its known terms may 
be denoted by M. Each of the other terms must have one 
of the unknown quantrties as a factor ; and, by art. 106, 
only one of them, and that one taken but oilce as a factor. 
Taking out, then, each unknown quantity as a factor from 
the ternrs in which it occurs, and representing its multiplier 
by some letter, as ^4, B, C, &c., the corresponding un- 
known quantities being represented by or, ^, 2, d^^c, the 
equation becomes 

^;p-fJ5y + Cz + &c. + ifz=0. 

141, Problem, To solve any equation of the first 
degree. 

Solution, Having reduced the equation to the form 

il I + 5 y + Cz + &c. + M = 0, 

find, as in art. 137, the value of either of the unknown 
quantities, as x, for instance, which is, by art. 121, 

^ — By—Cz — 6Lc, — M 

and any quantities at pleasure may be substituted for y, 

z, &c. 

142. Problem, To solve several equations with 
several unknown quantities. 

First Method of Solution called that of Elimina- 
tion by Substitution. Find the value of either of the 
unknown quantities in one of the equations in which 
it occiirSj and substitute its value thus founds which 
is gcnei^ally in terms of the other unknown quanti- 
ties, in all the other equations in which it occurs. 
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The new equations thus formedj together with 
those in which this unknown quantity does not occur ^ 
are one less in number than the given equations^ 
and contain one unknown quantity less, and may, 
by a succession of similar eliminations be still far- 
ther reduced in number and in the number of their 
iniknoivn quantities, until only one equation is finally 
obtained ; ajid the solution of all the given equations 
is thus reduced to that of one equation, 

143. Corollary. When there are just as many 
equations as unknown quantities, the final equation 
of the preceding solution will, in general, contain 
but one unknown quantity, the value of which may 
be thence obtained ; and this value, being substituted 
in the values of the other quantities, will lead to 
the determination of the values of all the unknown 
quantities. 

144. Corollary. When the number of unknown 
quantities is more than that of the given equations, 
the final equation will contain several unknown 
quantities, and will therefore be indeterminate ; so 
that a problem, is indeterminate, which gives fewer 
equations than unknown quantities. 

145. Corollary. When the number of unknown 
quantities is less than that of the given equations, 
only as many of the given equations are required to 
determine the values of the unknown quantities as 
tliere are unknown quantities ; and the problem is 
therefore impossible, when the values of the uu- 



CH. III. § IV.] EQUATIONS OP THE FIRST DEGREE. 89 



Case in which the roots of two equations are Zero. 



known quantities determined from the requisite 
equations do not satisfy the remaining equations. 

146. Problem, To solve two equations of the first 
degree with two u7ik?iown quantities, 

Sidution, Suppose, as in art. 140, the given equations to 
be reduced to the forms 

A x-\-By-\-M= 0, 
A'x^B' y^- M' = {^1 

in which x and y are the unknown quantities. 

The value of or, obtained from the first of these equa- 
tions, is 

— By — M 

A 

which, substituted in the second equation, gives 

— A'By — A'M , „, , -^, ^ 

2 f- 5' y -f-^ = ^- 

The value of y is found from this equation, by art. 121, 

to be 

_ A'M — AM* 

^^ " AB' — A' B' 

which, substituted in the above value of x, gives 

BM' — B'M 



xz=. 



AB' — A' B' 



147. Corollary. The value of a:, obtained by the 
preceding solution would be zero, if its numerator 
were zero, that is, if 

B M' = B' M. 

But, in this case, if the first of the given equations is 
multiplied by B*, and the second by B, these products be 

come, by transposition and substitution, 

ft" 
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AB'z=z—BB'y--~B'M, 
A'Bx=—BB'y — BM>=—BB'y — B'M\ 

whence 

AB'x = A' Bx\ 

that is, the given equations involve the condition that two 
diflferent multiples of x are equal. But this is impossible, 
unless 

2 = 0. 

The value of y would, likewise, be zero, if we had 

A'M=AM', 

which leads to conclusions with regard to y, similar to those 
just obtained with regard to x. 

148. Corollary. The denominators of the values 

of both the unknown quantities would be zero, if 

we had 

AB' = A B, 

But, in this case, if the first of the given equations is 
multiplied by B' and the second by B, these products be- 
come, by transposition and substitution, 

AB'x-\'BB'y=—B'M, 

A'Bx-^BB'y = AB'x+BB'y= —BM'; 

whence, we must have 

B' M=B M'] 

that is, they involve the impossibility that the two unequal 
quantities B' M and B M' are equal. 

149. Corollary, Both the terms of the fractional 
value of X would be zero, if we had 

B M'=B' M, and A B' = A' B. 
But, in this case, if the first of the given equations is mul- 
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tiplied by B' and the second by B, the products become, by 
substitution, 

A Bx+B B' 1/+B' M = 0, 
ABx'^BB'j/+B3f = AB'x+BB'i/+B'M=0; 

that is, the two given equations are equivalent to but one, 
and are, as in art. 144, indeterminate. 

The product of the two equations 

BM' = B' M, and A B' = A' B, 
is 

ABB'M' = A'BB'M, 

which, divided by B B', is 

A M' = A' M, 

so that both the terms of the value of y would also be 
zero. 



150. EXAMPLES. 

1. Solve the two equations 

3a; + 2y = 118, 
x-{-5i/ = 191. 

Ans, x=z 16, y = 35. 

2. Solve the two equations 

2 + 3 = ®' 

3 2 

Ans. x^= 12, y = 6. 

3. Solve the two equations 

74-1 2i» — y 

-f- j^ = 3y-5. 

5y— 7 , 41 — 3 ,_ , 
-^2- + -^ = 18-5r. 

Ans. a; =3, y =^2- 
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4. Solve the two equations 

a X = 6 y, 
jc -|- y = c. 

. be ac 

Ans. X = — J— r , y == 



5. A says to B, *'give me $100, and I shall have as 
much as you." ** No," says B to A, " give me rather 
$ 100, and then I shall have twice as much as you." How 
many dollars has each ? Ans, A $ 500, and B $ 700. 

6. Said a lad to his father, "How old are we ? " " Six 
years ago," answered the latter, " I was one third more than 
three times as old as you ; but three years hence, I shall be 
obliged to multiply your age by 2^ in order to obtain my 
own." What is the age of each ? 

Ans, The father 36, the son 15 years. 

7. A cistern containing 210 buckets, may be filled by 2 
pipes. By an experiment, in which the first was open 4, 
and the second 5 hours, 90 buckets of water were obtained. 
By another experiment, when the first was open 7, and the 
other 3^ hours, 126 buckets were obtained. How many 
buckets does each pipe discharge in an hour? 

Ans, The first pipe discharges 15, and the second pipe 

discharges 6 buckets. 

8. There is a fraction such, that if 1 be added to its nu- 
merator its value becomes = ^; and if 1 be added to its 
denominator its value becomes = ^. What fraction is it ? 

Ans, -^. 

9. Required to find two numbers such, that if the first be 
increased by a, and the second by 6, the product of these 
two sums exceeds the product of the two numbers them- 
selves by c ; if on the other hand, the first be increased by 
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a', and the second by b', the product of these sums exceeds 
the products of the two numbers themselves by c'. 

A mi /. . a' c — ac'-X-aa'b' — aa'b . . 

Ans. 1 he first is -7 , the second 

a' o — ao' 

. bc'^b' c-\-abb' — a'bb' 

IS { . 

a* b — ab' 

10. A person had two barrels, and a certain quantity of 
wine in each. In order to obtain an equal quantity in each, 
he poured out as much of the first cask into the second, as 
the second already contained ; then, again, he poured out 
as much of the second into the first as the first then con- 
tained, and lastly, he poured out again as much from the 
first into the second as the second still contained. At last 
he had 16 gallons of wine in each cask. How many gal- 
lons did they contain originally? 

Ans, The first 22, the second 10 gallons. 

11. 21 lbs. of silver lose 2 lbs. in water, and 9 lbs. of cop- 
per lose lib. in water. Now, if a composition of silver and 
copper weighing 148 lbs. loses 14f lbs. in water, how many 
lbs. does it contain of each metal 1 

Ans, 112 lbs. of silver, and 361bs. of copper. 

12. A given piece of metal, which weighs plbs., loses 
fibs, in water. This piece, however, is composed of two 
other metals A and B such, that p\bs. of A lose albs, in 
water, and p\bs, of B lose 6 lbs. How much does this 
piece contain of each metal? 

Ans, iinll^lbs. of J, and ilH^lbs. of iB. 
— a — a 

13. According to Vitruvius, the crown of Hieio, king of 
Syracuse, w'^ighed 20 lbs., and lost l^^lbs. in water. Assum- 
ing that it consists of gold and silver only, and that 19,64 lbs. 
of gold lose lib. in water, and 10,5 lbs. of silver lo^e lib. in 
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water. How much gold, and how much silver, did this 
crown contain? 

Ans. 14,77 . . . lbs. of gold, and 5,22 . . . lbs. of silver, 

151. Problem. To solve any number of equations 
of the first degree with the same number of unknown 
quaiitities. 

Solution, Let there be three equations with three un- 
known quantities ; these equations may, by art. 140, be 
reduced to the forms 

A x + 5y + C2 + Jlf=0, 
A'xJ^B'y + C'z^-M'^^, 

A"x 4- 5"y + ^"'2 + ^^"= 0- 

The value of a:, given by the first of these equations, is 

— By^Cz^M 
''" A 

which, being substituted in the other two equations, and the 
resulting equations being reduced, as in art. 140, gives 

{A B'—A' B)y+{A C'—A' C) z +^ M*—A' Jf = 0, 
( A B"—A"B) y^{A C^-A^Qz+A 31"— A" M = 0. 

These equations, being solved, as in art. 146, give 

_ ( A'C"—A"C')M+{A"C—A 0')M'i-{A C—A'C)M ' 
y — {A'B"—A"B')C+{A"B—AB'')0-\-(AB'—A'B)0'* 

_ {A"B'^A'B")M-\-{AB"-^A"B)M'-h{A 'B-AB')3f\ 

in which the terms are arranged in groups in order to <lis- 
play the symmetry of the result ; and these values, being 
substituted in the value of x, give 

_ {B"C'—B'C'')3f-\-{BC"^B"C)M''^{B 'C—BC')M" 
^ ~" lA'B''—A''B')C+{A^'B—AB'')0 + {AB^A'n)0' 
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If this method of solution be applied to a greater number 
of equations, it will lead to similar results. 



152. EXAMPLES. 

1. Solve the three equations 

I -}" y 4" z =z 6, 
2 a: -{-3y 4-^2; = 20, 
3x-}-7y ^52 = 32. 

Ans, x = l,y=2, z=:3 

2. Solve the three equations 

y + i ^ = 34. 

Ans. aj = 18, y = 32, « =r 10 

3. Solve the three equations 

53 — ^ar — Jz = y— 109, 

i^ + iy = 26, 

• 5 y = 4 z. 

Ans. z = 64, y==80, z=100 

4. Solve the four equations 

a?-f- y-f- 2;-j- 11= 1, 
162-f- 8y-|- 4z-}-2tt = 9, 
81x+27y+ 9z4-3m = 36, 
256x-j-64y4-16z-f^"= ^^O. 

^n5. a' = i,y = i, 2 = i, M = 0. 

5. The sums of three numbers, taken two and two, ar« 
a, b, c. What are they ? 

Ans. iiff-^b — c), iia-^-c — 6), ^(6-}-^ — ^)' 

6. Af B, C compare their fortunes. A says to B, '* give 
me $ 700 of your money, and I shall have twice as much 
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as you retain ; " B says to C, ** give me $ 1400, and I shall 
have thrice as much as you have remaining ; " Csays to A, 
'* give me $ 420, and then I shall have 5 times as much as 
yau retain." How much has each? 

Ans. A $980, B 9 1540, C $2380. 

7. Three soldiers, in a battle, make $96 booty, which 
they wish to share equally. In order to do this, A, who 
made most, gives B and C as much as they already had ; in 
the same manner, B then divided with A and C; and after 
this, C with A. and B, If, by these means, the intended 
equal division is effected, how much booty did each soldier 
mate ? yins. A $52, B 928, C 9 16. 

8 A,B, Cf D, E play together on this condition, that he 
who ioses shall give to all the rest as much as they already 
have. First A loses, then J3, then C, then D, and at last 
also E> All lose in turn, and yet at the end of the 5th 
game they a., hare the same sum, viz. each $ 32. How 
much had each w» :n they began to play ? 

Ans, A $81, J5$41, C$21, D $il, jB$6. 

153. Second Method of solving the Problem of 
art, 142, called that of Elimination by Co^nparison, 
Find the value of either of the unknown quantities 
in all the eqtiations in which it is contaiiied ; place 
either of the values thus obtained equal to each of 
the otherSy and the equations thus formed will be one 
less in number than those from which they are ol)- 
tained, and will contain one unknown quantity less. 
By continuing this process on these new equations^ 
the number of equatioiis will finally be reduced to 
one ' • 
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154. EXAMPLES. 

1. To solve any two equations of the first degree with 
two unknown quantities. 

Solution. These equations may, as in art. 146, be re- 
duced to the forms 

Ax-\-By + M=0, 

A'X'\'B'y-{-M' z= 0. 

The values of x, obtained from these equations, are 

— By — M 

' = 3 • 

— B'y — M' 

X = ; 

A' 

which, being placed equal to each other, give 

— B y — M _ — B' y — M' 

A A» 

whence 

A' M—AM 



y = 



AB' — A'B 



I n» 



and, therefore, 

BM' — B' M 

^'^ AB' — A' B' 

beins the same values as those obtained in art 146. 

2. Solve the three equations 

« "^ y "^ « ~ 12' 

X + y 2 ■" 12* 

X y "^ z ~ 12' 
9 
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Solution, The values of z, obtained from these equa- 
tions, are 

i3yz— 122— lay 

12y2 



0? = 



X = 



Tyz— 122 + 12y' 
12yz 



5y2+l2z— 12y' 

the first of which being placed equal to each of the others 
gives, by reduction, 

2=4, 

y = 3; 
whence we get, from either value of x, by substitution, 

a: = 2. 

3. Solve the two equations 

7y= 2x— 3y, 
19a; = 60y + 621f 

Ans. 2 = 882, y = I7f 

4. Solve the three equations 

3a? + 5y=161, 
7 2 + 22= 209, 

2 y 4- 2 = 89. 

^W5. 2 = 17, y = 22, 2 = 45. 

5. Solve the three equations 

7 + 7 = "' 

2 ' 2 
f- — = C, 

2 2 • ^ 

^««- *= r-TT — :» y = :: — jttz^ « = 



a-j-6 — c ^ a — 6-4- c' 6-j-c — a 
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6. Solve the three equations 



2 ^ 1 1 

X 5y ' z 


=»4. 


112 
4x * 1/ * z 




5 14 

Gx y'^z 


'-' 36- 



^«5. x = 6, y = 9, 2 = |. 

7 A person has two horses, and, two saddles, 6ne of 
which cost f 50, the other $ 2. If he places the best sad- 
dle upon the first horse, and the worst upon the second, 
then the latter is worth $8 less than the other; but if he 
puts the worst saddle upon the first horse, and the best upon 
the other, then the latter is worth 3f times as much as the 
first. What is the value of each horse? 

Ans. The first $30, the second $70. 

8. What fraction is that, whose numerator being doubled, 
and denominator increased by 7, the value becomes §; but 
the denominator being doubled, and the numerator increased 
by 2, the value becomes ^1 Ans, ^. 

9. A wine merchant has two kinds of wine. If he mix 3 
gallons of the worst with 5 of the best, the mixture is worth 
$ 1 per gallon ; but, if he mix 3|^ gallons of the worst with 
8f gallons of the best, the mixture is worth $ 1,03^ per 
gallon. What does each wine cost per gallon 1 

Ans. The best $ 1,12, the worst $ 0,80. 

10. A wine merchant has two kinds of wine. If he mix 
a gallons of the first with h gallons of the second, the mix- 
ture is worth c dollars per gallon ; but, if he mix a' galJons 
of the first with 6' gallons of the second, the mixture is 
worth c' dollars per gallon. What does each wine cost per 
gallon ? 
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Ans The first (<^ + b) b^c^-J^^ + <") b C ^^„^^^^ ^^ 

second (a + 6K;-(«' + ^')«^' ,,„,„. 

a' o — ab' 

11. Three masons, A, B^ C, are to build a wall. A and 
B, jointly, could build this wall in 12 days; B and C could 
accomplish it in 20 days ; A and C would do it in 15 days. 
What time would each take to do it alone ? 

Ans. A requires 20, B 30, C60 days. 

12. Three laborers are employed in a certain work. A 

and B would, together, complete it in a days ; A and C 

require 6 days; B and C require c days. In what time 

would each accomplish it singly ? 

. .. 2abc . _. 2abc . 

Ans. A in ■; — ; r days, B in z — : — ; days, 

bc-\-ac — ab bc-\-ab — ac 

^ . 2ab c , 

C m , , J— days. 

ab-^-ac — be 

13. A cistern may be filled by three pipes, A^ By C, By 
the pipes A and jB, it could be filled in 70 minutes ; by the 
pipes A and C, in 84 minutes ; and by the pipes B and C, 
in 140 minutes. In what time would each pipe fill it? 

Ana. A in 105, B in 210, C in 420 minutes. 

14. Ay By C play faro. In the first game A has the 
bank, B and C stake the third part of their money, and 
win. In the second game B has the bank, A and C stake 
the third part of their money and also win. Then C takes 
the bank, A and B stake the third part of their money and 
also win. After this third game they count their money, 
and find that they have all the same sum of 64 ducats. 
How much had each when they began to play? 

Ans. A had 75, B 63, C 54. 
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15. Five friends, A, B, C, D, E, jointly spend $879 at 
an inn. This sum is to'be paid by one of them ; but, on 
consultation, they find that none of them had, alone, enough 
for this purpose. If, then, one of them is to pay it, the 
others must give him a part of their money. A can pay, 
if he receives one fourth ; B, if he receives one fifth ; C, if 
he receives one sixth ; D, if he receives one seventh ; and 
E, if he receives one eighth of the others* money. How 
much has each ? 

Ans. ^ $319, ^ $ 459, C $543, D $599, E $639. 

155. Third Method of solving the Problem of art. 
142, called that of Elimination by the method of the 
greatest Common Divisor. 

Solution, This method is generally inapplicable to trans- 
cendental equations, but can be successfully applied in all 
other cases to eliminate one unknown quantity after an- 
other, until the given equations are reduced to one. 

In order to eliminate an unknown qtiantity from 
two equations which contain it, reduce them as in 
arts, 105 arid 118, and arrange their terms accord- 
ing to the powers of the quantity to be eliminated, 
taking out each power as a factor from the terms 
which contain it. 

It being now recollected that the second member of each 
of these equations is zero, it will appear evident that, if the 
first members are divided one by the other, the remainder 
arising from this division must likewise be equal to zero ; 
for this remainder is the diflference between the dividend 
and a certain multiple of the divisor, that is, between zero 
and a certain multiple of zero. 

9« 



102 ALGF.BRA. [cH. III. § IT 

^^»^^^^ « ' ■■ ' ■■■-■ — ■■ I _ ,1., _, .1 ■ ■ . ■ Mill — ^^»^^^^^^^^^^^^^«^^^^ 

Elimination by the method of the Greatest ('ommon Divisor. 

Hence y divide one of these first members by the 
other ^ and proceed, ds in arts. 60, 4*c., to find their 
greatest common divisor ; each sticcessive remainder 
may be placed equal to zero. But a remainder will 
at last be obtained, which does not contain the qvan-- 
tity to be elim,inated ; and the equation, formed from, 
placing this remainder equal to zero, is the equation 
from which this quantity is eliminated. 

By eliminating, in this way, the unknown quan- 
tify from, either of the equations which contain it, 
taken with each of the others, a 7iumber of equations 
is farmed one less than that of the given equations, 
and containing one less unknown quantity ; and to 
%chich this process of elimination may be again ap- 
plied until one equation is filially obtained. 

156. Scholium. It sometimes happens, that the 
first members have a common divisor which contain 
the given unknown quantity ; and. in this case, the 
process cannot be continued beyond this divisor. 

But as the given first members are multiples of their coin- 
mon divisor, they must be rendered equal to zero by those 
values of the unknown quantities which render the com- 
mon divisor equal to zero ; that is, the two given equations 
are satisfied by such values of the unknown quantities ; 
so that, though they are in appearance distinct equations, 
they are, in reality, equivalent to but one equation, that is, 
to the equation formed by placing theii common divisor 
equal to zero. 

167. Scholium, Care must be taken that no fac- 
tor be suppressed which may be equal to zero. 



CH. III. § IV.] EQUAIIONS OF THE FIRST DEGREE. 



103 



Examples of Elimination by the method of the Greatest (rommnn Divisor 



158. EXAMPLES. 

1. Obtain one equation with one unknown quantity from 
ihe two equations 

a;3 -j- y ar'2 — ^3 4-5 = 0, 
a;3 _j_ y2 a- _ 5 — 0, 
by the elimination of x. 

Solution, Divide the first members as follows. 



x^-\-y^x — 5 



a:3 -|- yQ x — 5 
1 ' 



1st Rem. y x9 _« ^2 a- _ y3 _j_ 10. 

Divide the preceding divisor by this remainder after mul- 
tiplying by y to render the first term divisible. 



ya:3^y3a;__5y 

y x3 — y2 ip2 — yS a? -}- 10 X 



yar^— -y2a:— y3-^10 



y2x2^(2y3— 10)x — 5y 



y2ar2_ 



X — y^ + lOy 



2d Rem. (3 y3 — 10) a: + y^ — 15 y. 

Divide the preceding divisor by this remainder after mul- 
tiplying by (3y3 — 10) to render the first term divisible. 

ya^_y2x_y3_j_l0 

3y3 — 10 



3y3 
— 10 


yz^— 3y5 
+ 10y« 

-15y2 


X— 3y« — 
+ 40y3 

X 


-100 


3y3 
10 


ar-f y4 
— 15y 


3y3 
— 10 


y X, 4 ;/•> 
+ 25,y2 




4y5 
+25 ya 


X— 3y6- 
+40y3 


-100 


Multiply by 
(3y3~10), 



3y3— 10 



(3y3— 10) (— 4y54-25y2) 2— 9y9-f 150y6— 700y^+1000 
(3y3— 10) (_4y5-j-25y2)a?— 4y9-j- 85y6— 375y3 

— 5y9 + 65 1^6 — 325 y3 -|-1000, 
whence the required equation is 

— 5 y9 -[- G5y6 — 325 y3 + 1000 = 0. 
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2. Obtain one equation with one unknown quantity from 
the two equations ^ 

*^ + y^ = «• 

^ + y* = *» 

by the elimination of x. 

Ans. (y3 _ a) 5 — (y5 _ 6)3 -_ q. 

3. Obtain one equation with one unknown quantity from 
the two equations 

by the elimination, of z. 

Ans. y8_4y6_[.i4y4_205^2^9 — 0. 

4. Obtain one equation with one unknown quantity from 
the two equations 

x^ + xy + y^ = l, 
x3 + y3 = 0, 

by the elimination of x. 

Ans. 4y6 — 6y4 + 3y2_i_-o. 

5. Obtain one equation with one unknown quantity from 
the two equations 

aj3 + y x^ + X + y = 4, 
a:3 + :c2 + yx = 3, 

oy the elimination of x, 

Ans. Eithery— 1 = 0, ory2 — 3y + 21 = 0. 

6. Obtain one equation with one unknown quantity from 
the three equations 

X + y + z = a, 

by the elimination of x and y. 

Ans, z^ — a 2^ -f bz — ct=0. 
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7. Obtain one equation with one unknown quantity from 
the three equations 

by the elimination of z and y. 

Ans. These three equations involve an impossibility 

unless 

a3 — 6--2c =0; 

and in case this equation is satisfied by the given values 
of a, b, and c, the three given equations are equivalent 
to but two, one of them being superfluous, and, by the 
elimination of x, they give the indeterminate equation 
with two unknown quantities 

y^ + yz + z^ — ^y — az + c = 0. 

8. Obtain one equation with one unknown quantity from 
the three equations 

x+.y^ = 4, 
y + z^ = 2, 
z + x^= 10, 

by the elimination of x and y. 

Ans. z^ — S z^ + 16 z^+z — 10=0. 

9. Obtain one equation with one unknown quantity from 
the four equations 

x + y + z + u^a, 
xy-{-xZ'^xu-]-yZ'\'yu-\'ZU=ibf 
xyz-\'XyU'\-xzu-\'yzu = e, 
xy zu = e, 

by the elimination of x, y, and z. 

Ans. u^ — au^'{'bu^ — c i/ -f- « = ^- 
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10. Solve the two equations 

y jp3 — z^ -^ X = 3, 

!/ x(yx^+ l)_x3-j.a? = 6. 

Solution, The elimination of x gives 

3y — 3 = 0,ory = l; 

\vhich, being substituted in the first of the given equations 
produces :r = 3. 

11. Solve the two equations 
x2y4_-8y2x9^16x2 = 90iy+G0(z— y2)_720(5^-.i; 

5 X ' 

Ans, x==4, y = 2. 

12. Solve the three equations 

X y z -^ z^ z=, 15, 

X y-2 ^ x2 y _ 2 z -(- 2 2 = 8. 

Ans. I = 2, y = I , z = 3. 

159. Problem, To solve two equations of the first 
degree by Elimination by Addition aiid Subtraction, 

Solution, The given equations may, as in art. 146, be 
reduced to the forms 

A a: + By + ilf = 0, 

A' x-\- B' y -^^ M'z= 0. 

The process of the preceding article, being applied to 
these equations in order to eliminate x, will be found to be 
the same as to 

Multiply the first equation by A! the coefficient of 
^ in the second^ multiply the second by A the co- 
ijident of X in the firsts and subtract the first of 
these products from the second. 
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Thus, these products are 

A A' X + A' B y -{- A' M z=.0, 
A A' X ^ A B' !/ + A JiP = 0; 

and the difTerence is 

{AB' — A^B)y + AM'— A' if = 0; 

whence 

^ A' M—A M' 

^~ AB' — A' B^ 

In the same way y might have been eliminated by multi- 
plying the first equation by B', and the second by 2?, and 
the difference of these products is 

{A B' ^ A' B) X + B' M -- B M' = {S\ 

whence 

B M' ^B' M 



X = 



AB' —A'B' 



the values of x and y thus obtained being the same as those 
given in art. 146. 

160. Corollary. This process may be applied with 
the same facility to any equations of the first degree. 



161. EXAMPLES. 

1. Solve, by the preceding process, the two equations 

13 a: -f 7 y — 341 = 7i y + 43i x, 
2x + iy=l. 

Ans, r = — 12, y = 50. 

2. Solve, by the preceding process, the two equations 

ix + iy = 5l 

Ans, X = 12, y = 16. 
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3. Solve, by the preceding process, the three equations 

X + y + z = 30, 

8x+4y +22 = 50, 

27ar+93/+3z=: 64. 

Ans. z = §,y = — 7,2 = 30^ 

4. Solve, by the preceding process, the three equaUona 

3 a: — 100 = 5 y + 360, 
2^ a? + 200 = 16^ 2 — 610, 
2 y + 3 2 = 548. 

Ans. X = 360, y = 124, z = 100. 

5. Solve, by the preceding process, the four equations 

x_9y ^ 32 — 10m = 21, 
2a?4.7y— 2— m = 683, 
3x4- y4.52+2tt = 195, 
4x — 6y— 22— 9m = 516. 

Ans. X = 100, t/ = 60, 2= — 13, 11 = — 50. 

6. Solve, by the preceding process, the four equations 

i^ + iy + ?2 = 58, 
i^ + iy + iz = 76, 
i^ + i^ + i«=79. 
y + 2 + u = 248. 

Ans. ar = 12, y=30, 2=168, M=50. 

7. Solve, by the preceding process, the six equations 

z + y + 2 + ^ + 11 =20, 
X'\-y'^z-\-u-\'W = 21, 

2-f't/-j-2 + ^-{'MJ = 22, 

X'\-y-^u-\-t'\-w = 23, 
X'\'Z-\-u-\-t-\-w== 24, 
y 4" ^ H" ^ 4" ' "f~ '^ = 25. 

^«5. 2;=2, y--=3, 2 = 4, M = 5, ^ = 6, w=^7. 
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8. A person has two large pieces of iron whose weight is 
required. It is known that fths of the first piece weigh 
96 lbs. less than fths of the other piece ; and that fths of 
the other piece weigh exactly as much as |ths of the first. 
How much did each of these pieces weigh ? 

Ans, The first weighed 720, and the second 512 lbs. 

9. $2652 are to be divided amongst three regiments, in 
such a way, that each man of that regiment which fought 
best, shall receive $1, and the remainder is to be divided 
equally among the men of the other two regiments. Were 
the dollar adjudged to each man in the first regiment, then 
each man of the two remaining regiments would receive 
$ ^ ; if the dollar were adjudged to the second regiment, 
then each man of the other two regiments would receive 
$ ^ ; finally, if the dollar were adjudged to the third regi- 
ment, each man of the other two regiments would receive 
$ j-. What is the number of men in each regiment ? 

Ans, 780 men in the first, 1716 in the second, and 

2028 in the third regiment. 

10. To find three numbers such that if 6 be added to 
the first and second, the sums are to one another as 2 : 3 ; 
if 5 be added to the first and third, the sums are as 7 : 11; 
but if 36 be subtracted from the second and third, the re- 
mainders are as 6 : 7. 

Ans. 30, 48, 50. 
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CHAPTER 17. 

NUMERICAL EQUATIONS. 

SECTION I. 
Indeterminate Coefficients. 

162. Theorem. If a polynomial 

is suchj as to be equal to zero independently of x, 
that is, if it is equal to zero whatever values are 
given to x, it must always be the case that 

^ = 0, fi = 0, C = 0, Z> = 0, ^ = 0, &c. ; 

that is, that the aggregate of all the coefficients of 
each poxoer of x is equal to zero, and also the aggre- 
gate of all the terms which do not contain x is equal 
to zero. 

Proof Since the equation 

A-\-Bx -\- Cx^ + Z> x3 -f &c. = 

is true for every value which can be given to x, it must be 
true when we make 

x = 0; 

in which case all the terms of the first member vanish ex 
cept the first, and we have 

.4 = 0. 
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This equation, being subtracted from the given equation, 

gives 

Bx ■{• Cx^ + Dx^+6lc, = 0; 

and, dividing by x, 

^ + Cx + /> x2 + &c. = 0; 

whence we may prove as. above, that 

J5=zO. 

By continuing this process, we can prove that 

C=0, I> = 0, JB = 0,&c. 

163. Theorem. If two polynomials 

A + Bx+Cr^ + Dr' + Ex^ + &c., 
A+B'x+C'x^ + D'x^ + E'x' + &c. 

are identical, that is, equal, indepejidently of X, it 
must always be the case that 

A = A,B = B', C=a, D = D\&c. 

Proof For the equation 

A+Bx + Cz^'\'&.c.=A'-{'B'x + Cx^'{-6lc. 

gives, by transposition, 

{A — A')+{B---B')x + {C—O)x^J^6lc. = 0; 

whence, by the preceding theorem, 

A — A^O^B-^B^zO, C— C' = 0,&c.; 

that is, 

A = A',B = B', C= C, &c. 
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A Function ', its Variable, and Rate of Change. 

SECTION n. 

Derivation. 

164. Defi7iition. When quantities are so connect* 
ed that their values are dependent upon each other, 
each is said to be a function of the others : which 
are called variables when they are supposed to be 
changeable in their V£dues, and constants when they 
are supposed to be unchangeable. 

Thus if y = a X + b 

y is a function of the a, b, and x ; but if x is variable while 
a and 6 are constant, it is more usual to regard y as simply 
d function of x, 

165. Definition. In the case of a change in the 
falue of a function, arising from an infinitely small 
change in the value of one of its variables, the rela- 
tive rate of change of the function and the variable, 
that is, the ratio of the change in the value of the 
function to that in the value of the variable, is called 
the derivative of the function. 

The derivative of the derivative of a function is 
called the second derivative of the function ; the de- 
rivative of the second derivative is called the third 
derivative ; and so on. 

^ 166. Corollary. The derivative of a constant is 

* zero. 

167. Corollary. The derivative of the variable, 
regarded as a function of itself, is unity; and the 
second derivative is zero. 
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168. Theorem, The derivative of the sum of tivo 
functions is the sum of their derivatives. 

Proof, Let the two functions be u and r, and let their 

values, arising from an infinitesimal change t in the value 

of their variable, be u' and v' ; the increase of their sum 

will be 

(«/ -|- V') — (m -f. ») 
or 

and therefore the derivative of the sum is 



u' — u . v' — V 



+ 



? 



which is obviously the sum of their derivatives. 

169. Corollary, By reversing the sign of r, it p 
may be shown, in the same way, that the derivative > 
of the difference of two functions is the difference of 
their derivatives, 

170. Corollary, The derivative of the algebraic 
sum, of several functions connected by the signs -)- 
and — is the algebraic sum of their derivatives. 

171. Corollary, If, in this sum, any function is 
repeated any number of times, its derivative must be 
repeated the same number of times ; in other words, 
if a function is multiplied by a constant its drriva^ 
tive must be multiplied by the same constant. 

Thus, if the derivatives of m, », and w are respectively 
U, V, and W, and if a, 6, c, and e are constant, the deriv- 
ative of 

flM-j-fct; — c w -^ e 
b 

a U-\-b V—eW. 

10* 
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The Derivative of a Power. 

172. Problem, To find the derivative of any 
power of a variable. 

Solution. Let the variable be a and the power a*, and 
let 6 differ infinitely little from a ; the derivative of a^ is 
then 6* — o** 

b — a • 
Now when b is equal to a, the value of this quotient is, 
J by art. 51, n a*"* ; 

and this must differ from the present value of this quotient, 
by an infinitely small quantity, which being neglected gives 

n a*~* 
for the derivative of a*. 

T%c derivative of any power of a variable is, 
therefore, found by multiplying by the e;vponent, and 
diminishing the exponent by unity. 

173. Corollary. The derivative of m a* when m is con- 
stant and a variable is n m a^~^, 

174. Problem. To find the derivative of any 
power of a function. 

Solution. Let the variable be a, the function u, and the 
power M** ; let b differ infinitely little from a, and let v be 
the corresponding value of ti ; if C/ is the derivative of u 
and U' that of «**, we have 

U = . ,andt;^=7 . 

b — a b — a 

But, by art. 51, 

»* — M** , 

V — u 

vhich multiplied by 

6 — «' 
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gives 

,- »* M* V U V* — M** ^ , -.- 

U' = . = -7 = Jl M*-l €/. 

V — u — a o — a 

The derivative of any power of a function is, 
therefore, found by multiplying by the exponent and ' 
by the derivative of the function, and diminishing 
the exponent by unity. 



175. EXASfPLES. 

Find the derivatives of the following functions in which 
X is the variable. 

1. x^. ' Ans. 2 X, 

2. x^. Ans. 3 a;2 

3. X* -f- a X"* -f" ^ ^' "I" ^^• 

Ans. n x*"^ -j- wi a x"*""^ -^-pbxP^^ -\- &c. 

4. ^-}-J5x + Ci24-/>z3+jE;x4 4-Fx5-f &c. 

Ans. 5+2Cx+3Z>ar24-4£x3-f5JPx4 + &c. 

5. a -|- X. Ajis, 1. 

6. (a -[-2)2. Ans. 2(« + x). 

7. (a + x)3. Ans. 3(a + a:)2. 

8. (a -f- ^)*' ^"^* n {a -^-x)^"^. 

9. (a-}-6jr)9. ^ ^/i5. 2 6 (a + 6x). ^ 
10 (a + 6 x)**. -4ii5. n 6 (a -f- i jt)** - 1. 

176. Problem. To find the derivative of the pro^ 
duct of two functions. 

Solution, Let u and v be the functions, and U and V 
their derivatives ; then, since the derivative is the rate of 
change of the function to that of the variable, it is evident 
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The Derivative of a Product. 

that when the variable is increased by the infinitesimal t, 
that the functions will become 

u -{^ Ui and w -|- Ft. 

The product will therefore change from 

u V 
to 

(u^Ui){v+Vi) = uv + v Ui + u Ft+l7Fi9, 
and the increase of the product is 

vUi + uVi+UVt^l 
the ratio of which to t is 

vU-^-uV+UVi, 
or, neglecting the infinitesimal U V i, it is 

17 U+u V; 

that is, the derivative of a product of two functions 
is equal to the sum of the two products obtained by 
multiplying each function by the derivative of the 
other function. 

m 

177. Corollary. The derivative of 

(x — a)* V 
is, then, 

n (a: — a)"-i t? + (ar — a)» F, 

because the derivative of 

(x — a)* 
is 

n {z — a)*~*. 
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SECTION m. 

Numerical Equations. 

178. Definition. A numerical equation is one all 
whose coefficients are given in numbers, so that it 
involves no literal expressions except those denoting 
the unknown quantities. 

179. Problem, To solve a numerical equation. 

Solution. Let the equation be reduced as in arts. 
106 and 118, to the form, 

w = 0. 

Find by trial a value of the unknown quantity x 
which nearly satisfies this equation, and let this 
value be a ; substitute this valiie in the given equa- 
tion, and let the corresponding value of u be m. A 
correction e in the value of a is then to be found, 
which shall reduce the value of u from m to zero. 
Now, if U is the derivative of u, and if M is the 
value of U which corresponds to 

X = a, 

M is, by art. 165, the rate at which u changes in 
comparison with x, so that when 

and therefore 

m> . m, 

M M 

By this means a value of x is found which is not 
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perfeclly accurate^ because M is not the rate at 
which u varies during the whole interval from 

ar = a to x =^ a -\- e] 

but only while x differs infinitely little from a. 

Callings therefore^ a' this approximate value of x, 
%De have , m 

which may he used in the same way in which a wasy 
in order to find a new approximate value a" of x ; 
and if m! and M' denote the corresponding values of 

u and U, we shall have 

mf 
a = a 5^=7. 

In the same way, may the approximation be con- 
tinued to any degree of accuracy, 

180. Problem. To determme the rate of approxi- 
mation in the preceding solution. 

Solution, This is a most important, practical point, and 
the determination of it will be found to facilitate the 
solution. 

Now, it may be observed, that since e is the correction 
of a, its magnitude shows the degree of accuracy which 
belongs to a, and the accuracy of e is, obviously, the same- 
wit h that of 

a' = a -\- e. 

The comparative accuracy of the approximate value of a, 
and the succeeding approximate value «', is, then, the same 
with the magnitude of e compared with the error of e. 

Now, in determining e, M was supposed to be the rate 
at which u changed throuo^hout the whole interval in the 
change of x from a to a -j- c. But if the rate of change of 
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M is denoted by N, that is, '\{ N is the derivative of ilf, the 
value of ilf, at the end of this interval when x is a-|-e, must 
be increased to 

M + Ne. 

In the middle of the interval wheii j? is a -f* j- ^> ^^ value 
of Jf is 

which may be regarded as the average value of the rate of 
u's increase, throughout the interval. When z, therefore, 
becomes a 4- ^» « becomes 

or 

»i4-ilfe + ^iVca = 0; 

whence by transposition and division 

-m N . 

^^ M 2M^ ' 

which differs from 

m 



by the term 



'=~M 



2if *' 



which may, therefore, be regarded as the error of e; and its 
comparison with e gives the rate of approximation. 

181. Corollary. If the value of a is accurate to 
a given place of decimals, as the gth, this will be 
shown by the magnitude of 3, for we shall find 

and, consequently, 



109^- 
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N 

If also the value of ^-^ is found to be such that 



2M ^ 10*' 
then the inaccuracy of e^ or of a' is 

N ^^ 1 



2if ^ 102*'+*' 

that iSf b! is accurate to the (2 g^ + k)th place of 
decimals and the division of m by TA may be carried 
to this extent, 

182. Corollary. When the given equation has 

the form 

u = h, 

in which A is a given number, it may be brought to 

the form 

u — A = 0, 

so that the value of the final member when 

X = a 

IS 

tn — A, 

while the value of the derivative is M, because h 
does not vary, and, therefore, 

m — A A — m 

which is often a more convenient form in practice 
than that of art. 179. 
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183. EXAMPLES. 

1. Solve the equation 

:^_3a.=r: — 1, 

which has three roots, the first being nearly 2, the second 
nearly 0, and the third nearly — 2. 

Solution, This equation, compared with arts. 179-182, 

gives 

u=ix^ — 3x, A=: — 1, 

U= 3 a;2 — 3 ; deriv. of U= 6 x. 
Hence, if 

a = 2, 

m = 8— 6 = 2, il=12 — 3 = 9, iV= 12, 



^=S<1,i = 0, 



2ilf 18 
h — m — 1 — 2 , ^ ^ 

^ = Tr =— 9— = -*=-*^'^=^' 

a' = a + c = 2 — 3 = 1-7, 

A — m' = - -813, ifcf' = 5-67, 

«'=— 15, ^' = 0, a'=l-55, 

h — w" = — 073875, JIf' = 4-2076, 

ef' = — 018, ^' = 1, a" = 1 532, 

A — m'" = 0000359232, iH'" = 4041072, 

c'" = 000008889, g'" = 4, a'" = 1-53208889, 

which is accurate to 2 ^'^ = 8 places of decimals. 

This process may be arranged in the following form^ in 

the first column of which, h is placed at the top, and the 

successive values of — m above each horizontal line with 

those of A — m below it. In the second column are'placed 

the successive values of the divisor M, In the third column 

the first approximation a is placed at the top of the tabla 

11 
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and the successive values of «, above each line with those 
of a -j- c below it. 



L 1- 

— w. — 2- 


m 

9- 

5-67 
4 2075 
4 041072 


2- 
— 03 


a. 


A — »!.— 3- 


e. 


01 87 


17 
— 015 


a-^e. 


0-813 




0-926125 


155 
— 018 




—0 073875 




1000359232 


1532 
000008 




0000359232 


S89 



I 1-53208889 

In the same way may the second and third roots be 
found, as follows. 

When 1 = 0-3, ^ = 1?^, A: =o. 



2 if ~" 546' 



— 1 
0- 



— 1- 
0-873 



—0-127 
0980696 



019304 
— 1000009615183 



— 3- 
—273 
—2 6532 



0000009615 183 — 2 638 148 1 3 



0- 
0-3 



03 
004 



0-34 
00073 



3473 
— 0-0000036446 



The second root = 3472963554 
When a? =—2 — =_— k — O 



2M 



— 1- 

2' 



1- 
M59 



01 59 
1004672 



0004672 



9- 

7-83 
7-6032 



— 2- 

01 



-1-9 
002 



— 1-88 
0000614 



The third root z= — 18793S6 
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2. Solve the equation 

23_12arz= — 132, 
which has a root nearly equal to — 6. 

Ans, —6-87205266. 
3 Solve the equation 

a;4_[-8a;2-f.l6a: = 440, 
which has two i;pots, the first being nearly 4 and the second 
nearly —4. Ans. 397601 and —4-4350577. 

4. Solve the equation 

2x^ — 20 I = — 19, 
which has two roots, the first being nearly 1, and the second 
nearly 2. Ans. 10928 and 1-59407. 

5. Solve the equation 

5 x3 _ 6 I = — 2, 
which has three roots, the first being nearly 1 , the second 
nearly 0, and the third nearly — 1. 

Atis, 856, 3785, —1-2345. 

184. Problem. To find any root of a number. 

Solution. If the required root is the nth root of the nura- 
^.ler A, this problem is equivalent to solving the equation 

x" = A ; 

so that, if the preceding solution is applied to this case, we 

have 

M = a?'*, U=. n a?'*"i. % 

185. Corollary. When z = a, 

m = a:^, 3f=na:^-^, iV z= n (w — 1) a"-^ 

N __ w(n — l)fl"-g __ n — l 
2]Sr"" 2«a~-i "~ 2a ' 

186. Corollary. It may be observed, since 

( 10* c)** = lO'* * c** : 
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BO that if, 

e<10, 

10* c< 10^+1, (10* €)»< 10*»+i>; 
and if 

e>l, 

10*c>10*, (10*e)»>10"*; 

that is, if the root is between 10* and 10* + ^ the nth .power 
is between 10*** and 10**+'*; or, otherwise, if the left hand 
significant figure of the root is b places from the decimal 
point, that of the power must be as many as 6 times n 
places from this point,, and less than b-^l times n places 
from it ; which, combined with the preceding articles, gives 
the following rule for finding the root of a number. 

Divide the given number into portions or periods 
beginning with the decimal point, and let each por- 
tion or period contain the number of places denoted 
by the exponent of the power. 

Find the greatest integral power contained in the 
left hand period ; and the root of this power is the 
left hand Jigure of the required root, and is just as 
many places distant from, the decimal point as the 
corresponding period is removed by periods from 
this point. 

Raise the approximate root thus found to the given 
power and subtract it from the given number, and 
leave the remainder as a dividend. 

Raise, again, this approximate root to the power 
next inferior to the given power, and multiply it by 
the exponent of the given power for a divisor. 

The quotient of the dividend by the divisor gives 
the next Jigure or figures of the root. 
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The new approximate rooty thus found j is to be 
used in the same way for a new approximation. 

The number of places to which each division may 
usually be carried, is so far as to want but one place 
of doubling the number of places, to which the pre* 
ceding approximation was found to be accurate. 



186. EXAMPLES. 

1. Find the fourth root of 

5327012345-641. 

« 

Solution, In the following solution, the cohimns are the 
same as the first and second columns in art. 183, except 
that the top number of the second column is the root which 
is separated by space into the parts obtained by each suc- 
cessive division, and the number at the top of the first 
c&luran is divided by spaces into periods. 

2 7» 016 

32000b00 

78732000 

Ans. 270- 16. 

2. Find the 4th root of 79502005521. Ans. 531. 

3. Find the 3d root of 75686967. Ans, 423. 

4. Find the 3d root of 128787625. Ans. 505. 

5. Find the 3d root of 20548344701. Ans. 5901. 

6. Find the 3d root of 512768384064. Ans. 8004. 

7. Find the 3d root of 5245S 1674 -625. Ans. 806-5. 

* This figure must, in tiie present case, be found by trial, because tbe 
first quotient is su inaccurate. 
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8. Find the 3d root of 1003-003001. Ans. 1001. 

9. Find the 3d root of 0*756058031. Ans. 0-911. 

10. Find the 3d root of 0000003442951. Ans. 0151. 

11. Find the 5th root of 418227202051. Ans. 211. 

12. Find the 4th root of 75450765-3376. Ans, 93*2. 

13. Find the 5th root of 0*000016850581551. 

Ans, 111. 

14. Find the 4th root of 2526 88187761. Ans, 709. 
15 Find the 3d root of 12. Ans. 2289 -J-. 
16. Find the 3d root of 2825. Ans, 3045 +. 

187. Corollary. The roots of fractions can be 
found by reducing them to their lowest terms, and 
extracting the roots of their numerators and denomi- 
nators separately. 

The roots of mixed numbers can be found by 
reducing them to improper fractions. 

188. EXAMPLES. 

1. Find the 3d root of f|. Ans. f . 

2. Find the 3d root of ^f Jf • ^^s. ff . 

3. Find the 3d root of ^^. Ans. ^. 

4. Find the 3d root of 6ff^f . Ans. l|f . 

5. Find the 4th root of 3^. Ans. 1^. 

189. Corollary. In the case of the square root, 
we have 

U = X^, ?7 = 2 37, 

m = a^, M =2 a; 
and, since the square of a -|- A is 
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(a + Af ==a2 + 2aA + A2 = a2 + (2a + A)^ 

it is unnecessary to find the square of the whole root 
at each successive approximation ; for the square of 
a being already subtracted, it is sufficient to subtract 
{2a-\'h)h from the remainder, in order to obtain 
the next remainder. In this way, we obtain the fol- 
lowing rule for the extraction of the square root. 

To extract the square root of a number, divide it 
into periods of two figures each, beginning with the 
place of units. 

Find the greatest square contained in the left 
hand period, and its root is the left hand figure of 
the required root. 

Subtract the square of the root thus found from 
the left hand period, and to the remainder bring 
down the second period for a dividend. 

Double the root for a divisor, and the quotient of 
the dividend exclusive of its right hand figure, cH- 
vided by the divisor, is the next figure of the required 
root ; which figure is also to be placed at the right 
of the divisor. 

Multiply the divisor, thus augmented, by the last 
figure of the root, subtract the product from the 
dividend, and to the remainder bring down the next 
period for a new dividend. 

Double the root now found for a new divisor and 
continue the operation as before, until all the periods 
are brought down. 
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190. EXAMPLES. 

1. Find the square root of 28111204. 

Solution, The operation is as follows * 

28111204 5302 = ^ns. 
25 

103 1st Divisor. 



1st Rem. 311 
309 



2d Rem. 212 1 106 2d Divisor. 
3d Rem. 



21204 
21204 



10602 3d Divisor. 



4th Rem. 0. 

2. -Find the square root of 61009. Ans. 247 

3. Find the square root of 57198969. Ans. 7563. 

4. Find the square root of 1607448649. Ans, 40093. 

5. Find the square root of 48303584 206084. 

Ans. 6950078. 

6. Find the square root of 0-000256. Ans. 0016. 

7. Find the square root of f^. Ans. 4^. 

8. Find the square root of 1 ^. 

9. Find the square root of 5. 

10. Find the square root of 101. 

11. Find the square root of 9*6. 

12. Find the square root of 0003. 

13. Find the square root of 10. 

14. Find the square root of 1000. 



Ans. 1^. 

Ans. 2-236+. 

Ans. 10049 +. 

Ans. 3098 -f-. 

Ans. 005477 +. 

Ans. 3 16227 +. 

Ans. 31-6227 + . 



191. Corollary. The roots of vulgar fractions and 
mixed numbers may be computed in decimals by 
first reducing them to decimals. 



CIl. IV. ^ III.] NUMERICAL EQUATIONS. 129 
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192. EXAMPLES. 

1. Find the square root of -j^ to 4 places of decimals. 

Ans. 0-2425 +. 

2. Find the square root of -^ to 3 places of decimals. 

Ans. 645 -}-• 

3. Find the square root of 1 j to 2 places of decimals. 

Ans, 1-32+. 

4. Find the square root of 11-}^ to 3 places of decimals. 

Ans. 3-418 + 

5. Find the S|jl root of § to 3 places of decimals. 

Ans. 873 + . 

6. Find the 3d root of f to 3 places of decimals. 

Ans. 0-941 +. 

7. Find the 3d root of 15f to 3 places of decimals. 

Ans. 2-502 +. 
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CHAPTER V. 

POWERS AND ROOTS. 

SECTION I. 

Powen and Roots of Monomials. 

193. Problem. To find any power of a monomial. 

Solution, The rule of art. 28, applied to this case, in 
which the factors are all equal, gives for the coefiicient of 
the required power the same power of the given coefficient, 
and for the exponent of each letter the given exponent 
added to itself as many times as there are units in the ex- 
|K)nent of the required power. Hence 

Raise the coefficient of the given monomial to the 
required power ; and m,ultiply each exponent by the 
eaponent of the required power. 

194. Corollary. An even power of a negative 
quantity is, by art. 32, positive, and an odd power is 
negative. 

195. EXAMPLES. 

1. Find the third power of 2 a^ b^ c. Ans. 8a^ b^^c^. 

2. Find the wth power of a*. ^115. a"* *. 

3. Find the — with power of a*. Ans. a'**. 

4. Find the mth power of a~*. Ans. a""*» 
6. Find the — wth power of a~». Ans. a^\ 
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Root of a Monomial ; imaginary quantity. 

6. Find the 6th power of the 5th power of a^ b c^, 

Ans. a^<ii^c^. 

7. Find the gth power of the — j^th power of the mih 
power of a~*. Ans, a** ■ i* sf. 

8. Find the rth power of a^b"* cP d, 

Ans. cr^b'-''^ cf'd^. 

9. Find the— 3d power of a~«63c-«/^a?-^ 

Ans, a«6-9ci5/""*^- 

10. Find the 4th power of — -tt>« -4n5. .^ , . ^. . 

' <^df c^^d^f* 

11. Find the — 2 wth power of the — 1st power of —-75. 

12. Find the 5th power of —2 a^. Ans. —32 a^^. 

13. Find the 4th power of —3 6-3. Ans 81 b"^^, 

14. Find the 5th power of the 4th power of the 3d power 
of — a, Ans, cfi^, 

15. Find the — 5th power of the — 3d power of — a. 

Ans. — a^\ 

16. Find the — 4th power of the — 3d power of r-. 



Ans. — ^. 

196. To find any root of a monomial. 

Solution. Reversing the rule of art. 193, we obtain im- 
mediately tlie following rule. 

Extract the required root of the coefficient ; and 
divide each exponent by the exponent of the required 
root. 
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Fractiooal Exponenls ; imaginary quantities. 

197. Corollary, The odd root of a positive quan- 
tity is, by art. 194, positive, and that of a negative 
quantity is negative. The even root of a positive 
quantity may be either positive or negative, which is 
expressed by the double sign it preceding it. But, 
since the even powers of all quantities, whether 
positive or negative, are positive, the even root of 
a negative quantity can be neither a positive quan- 
tity nor a negative quantity, and it is, as it is called, 
a7i imaginary quantity. 

198. Corollary, When the exponent of a letter 
is not exactly divisible by the exponent of the root 
to be extracted, a fractional exponent is obtained, 
which may consequently be used to represent the 
radical sign. 



199. EXAMPLES. 

1. Find the mth root of a"**. Ans, a\ 

2. Find the mth root of a"*"* Ans. a""*, 

3r Find the square root of 9 a* b^f^^^g"^*. 

Ans. zt3a2&/-6^-4«. 

4. Find the 4th root of ,„ ,,.^ ,^ . Ans. =h -t-j^-a' 

6. Find the 9th root of —236 a^^ hK Ans. — 2^ a« b. 

6. Find the mth root of a*. n_ 

Ans. cC^m 



\ 1 

a' 



7. Find the mth root of — . j^. — =:a-» 

»*( Ana. n 



a' 
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8. Find the mih root of ^— -. , £• .£• -i -~ 

9. Find the 5th root of — a^. . f 

10. Find the square root of a. A s ^ 

11. Find the 3d root of —a. . 4 

Ans. — a*. 

12. Find the with root of a. • . L 

Ans, am. 

200. Corollary. By taking out — 1 as the factor 
of a negative quantity, of which an even root is to be 
extracted, the root of each factor may be extracted 
separately. 

201. EXAMPLES. 

1. Find the square root of — a^. Ans. a^ — 1. 

* 

2. Find.the4throotof— 0*68^3. ro I S , 

Ans. ah^c^ ^ — 1. 

3. Find the 8th root of — a. . 4^ , 

Ans. a* v^ — 1 



SECTION II. 
Calculus of Radical Quantities. 

202. Most of the difficulties in -the calculation of 
radical quantities will be found to disappear if frao- 
tional exponents are substituted for the radical signs, 
and if the rules, before given for exponents, are ap* 
plied to fractional exponents. 

In the results thus obtained, radical signs may 
again be substituted for the fractional exponents ; 

12 



♦^ 

^ 

T 
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Examples in the Calculus of Radical Quantities. 

butj be/ore this substitution is made, the fractional 
exponents in each term should be reduced to a com-' 
mon denom,inator, in order that one radical sign 
may be sufficient for each term. 

When numbers occur under the radical sign, they 
should be separated into their factors, and the roots 
of these factoids should be extracted as far as pos- 
sible. 

Fractional exponents greater than unity should 
often be reduced to 7mxed num^bers, 

203. EXAMPLES. 

1. Add together 7 ^ 54 a^ 6^ ^3 and 3 ^ 16 a^ 6« c^ 
Solution, We have 

7 ^ 54 fl3 65 > = 7 ^ 2 . 33 . aS 65 c = 7 . 2*.. 3 . a 6* 

= 21.2^.06^ ^c = 21.2^abb^ 



e 
c 



= 21 abc ^2b^. 

3 ^ 1 6 a3 65 c3 = 3 ^ 24 a3 65 c = 3 . 2* . rt 6^ c 

= 3.2.2ia6 6^c = 6a6cJ'2 6«, 
whence 

7^54^3^5^3 + 3 ^16a3 65 c3 = 21a6c^26H6a6c^26« 

= 27a6c^262. 

2- From the sum of v^24 and y^54 subtract y/6, 

Ans. 4 v/6. 

3. From the sum of v^45c3 and y/^c^c subtract v/80 A 

Ans, (a — c) v^5c. 
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MM m 

4. Find the continued product of y/ a, ^ b, and ^ c. 

m 

Ans. ^abc, 

MUM 

6. Find the continued product o( a ^ x, b \/ y, c ^ z. 

n 

Ans» ab c y/xy z, 
C. Multiply Cy/ a by b\/ <u Ans, a be. 

3 4 12 7 

7. Multiply v/a by y/ a. Ans. ^a^=.a^^. 



mN 



8. Multiply y'a by y/ a. i4ns. a"** =y^a**+*. 

4 3 2J2 la 

9. Multiply v^o^ by y/ a\ Ans, a^^ z=^ d^ \/ a^. 

10. Find the continued product of a~^, a*, a""*. 

21 20 

Ans, a^^ =La\/ €U 

11. Multiply 6-9^0-3 by a^ b^ c. 

Ans, a*-* 6 2^c = -j-v^iT- 

- 0^ 

12. Multiply -— - by — -. 

bic* c^i 



Ans. a^b^c-^ = a^J-^. 

13. Multiply 3 + v/ 5 by 2 — VS. -4iis. 1 — -s/S. 

14 Multiply 7 + 2^6 by 9 — 5^6. 

Ans. 3— 17v/6. 

15 Multiply 13 — V 5 by 7 + 3 V 5. 

Ans. 76 + 32v/6. 

IG. Multiply J + jVi by i — 7\/i. 

Ans. —8— ^v/f 

17. Multiply —6 — -s/f by — 5 + v/f -4ns. 24f 
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18. Multiply 9 + 2vl0by9 — 2vl0. Ans. 41. 

19. Multiply 2v8 + 3v/5 — 7v'2by v/72 — 5\/20 
— 2v2. Ans. —174+42^/10. 

20. Multiply a4-\/6bya — V6. i4n». a^—b. 

21. Multiply \/ a + v/ ^ by >/ a — v^6. Ans. a — 6. 

3 3 

22. Multiply \/a + cv 6 by ^/a — c\/b, 

Ans. a — c^y/bl^. 

23. Multiply v «^ + V ^* by V «' — V^ ^• 

ilns. a\/a — Vt*. 



m 



a 



24. Divide \/ ahy \/b. Ans. ^^• 

25. Divide a by \/ cl Ans. \/€U 

26. Divide 2a62c3 by 4^(fib<^d. 

8 6 15 a7 

27. Divide x/ a^ b c by \/ ah^i^. Ans. J^' 

28. Divide ^1 by ^f ^«5. ^A. 

m p mq—np 

29. Divide a" by itJ. ilns. a •* « • 

30. Divide ca* by c?a*. Ans. 12 • 

31. Divide a^ 6^ by a"^ b'^ c. . a^t^l^ 

Ans. — ^^-^— 



c • 



32. Divide by Ans. . . 

c*c?3 55 c d^ 
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To free an Equation from Radical Quantities. 

204. Problem, To free an equation from radical 
quantities. 

First Method of Solution. Free the equation from 
fractions, as in art. 112. 

Bring all the terms multiplied by either of the 
radical quantities, whether they contain other radi- 
cal quantities or not, to the first mem^ber, and all the 
other terms to the second member of the equation. 
Raise both mem^bers of the equation to that power, 
which is of the same degree with the root of the radi- 
cal factor of the first member, and this radical factor 
will be m^de to disappear ; and by performing the 
same process on the new equation thus formed, either 
of the other radical quantities may be made to dis- 
appear, and in most cases which occur in practice it 
will be found that the equation can, in this way, be 
freed from radical quantities. 



205. EXAMPLES. 

]. Free the equation 

(a + x)*z= (6 + ar)* — (c+«)* 
from radical quantities. 

Solution. The square of this equation is 

hence, by transposition, 

2(64-x)*(c + z)* = a; — fl + fe + c, 
the square of which is 

4(6-|_ar)(c + x) = (ar — a + ft + c)9. 

12 • 
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2i Solve the eqaation 

M 

\/x = a. 

3. Solve the equation 

5(9x — 1)^=2(121 x+4)i. 

Ans. 2 = 1. 

4. Solve the equation 

(16 + «3)* — x = 2. 

Ans. z = 3. 

5. Solve the equation 

(21 + 4i)* = (3 + ir)* + (8 + x)* 
t Ans, X = 1. 

f 6. Free the equation 

^7^J&)i = ^x — 2)^ + 1 

from radical quantities. 

Ans. 4x3_17x2 + 34a? = 57. 

206. Scholium, There are cases, however, in which the 
preceding method of solution is inapplicable on account of 
the new radical quantities which are introduced by raising 
the second member to the required power ; but in all cases 
the following method will be found successfuL 

207. Second Method of solving the problem of a7 1 
204. Place each of the radical quantities equal to 
some letter not before used in the equation, and raise 
the equations thus formed to that power which is of 
the same degree with the root of its radical qtiantitj/, 
and substitute in the given equation for each radi- 
cal quantity the corresponding letter. If then, each 
letter, thus introduced, is considered to represent a 
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To free an Equation from Radical quantities. 



new unknown qiiantity^ the new equations^ thus 
formed^ are of the same number with that of their 
unknown quantities ; andj since they are free from 
radical quantities, all their unknown quantities but 
one can be eliminated by the 7nethod of art, 156. 



whence 



208. EXAMPLES. 

1. Free the equation 

from radical quantities. 
Solution, Place 

y=(x2 + x + l)* 
z = (a?2 — x-f 1)*; 

y3 = x2 + X + 1, 

x3 z= x8 — X + 1 ; 

and the given equation becomes 

y — z=i\. 

If y and z are eliminated between these three equations, 
the resulting equation is 

27a?4 — 8x3^39a^_6x + 28 = 0. 

2. Free the equation 

(x + x2)*-|.(l+x2)^=l 

from radical quantities. 

Ans, x6+5x4 + 4a;3 + 7ar2 + 8z = 0. 

209. When, in an equation, the same quantity is 
affected by different radical signs, these radical signs, 
expressed by fractional exponents, may be reduced 



/ 

i 
) 
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To free an Equation from Radical quantities. 

to a common denominator, and, if a letter is placed 
equal to that root of this quantity, which is of a de- 
gree represented by the common denominator, these 
different radical quantities may be represented by the 
powers of this letter. 



210. EXAMPLES. 

1. Free the equation 

{a+x)^+A{a+x)i+B{a + x)'^+C(a+x)i=0 
from radical quantities. 

Solution. This equation becomes, by reducing all its 
fractional exponents to the same denominator, 

(a-f-x)T^-|-^(a+a?)*+5(a+x)^+e(a+x)* = 0; 

whence, if we place 

y = (a + a?)""", or yi2 — a -f i, 
we have 

or 

!/^ + Ay^ + By +C=:0; 

the solution of which gives the value of y, which, being 
substituted in 

« = y^9 — a, 
gives that of x, 

2. Free the equation 

from radical quantities. 

Ans, From the equation y^ -^ y^ -}- 1/^ = a obtain the 
value of y, and substitute it in ar^-j-z =-y®. 
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3. Solve the equation 

(2a:+13)^ = 3(2x+13)i. 

Ans. X = 358. 

4. Solve the equation 

(5 + (3 + x)^)^ = l+(3 + x)i 

Ans, 1 = 5. 



SECTION m. 

Powers of Polynomials. 

211. Problem, To find any power of a binomial. 

Solution, This power might be obtained directly by mul- 
tiplication, but the operation is long and tedious, and can 
be avoided by a process invented by Newton. To obtain 
this process, let the given binomial be a-\-x^ let n be the 
exponent of the power, and let the product be arranged 
according to the powers of 2, so that 

in which the coefficients, ^4, 5, C, &,c., are to be deter- 
mined ; none but positive integral powers of a; are written in 
the second member, because the product could, evidently, 
give no others, and all the positive integral powers of x are 
included, because the coefficients of any which are super- 
fluous must be found to vanish. 

First, To find the value of A. Let 

/z = 
and the development becomes 

a« = A, 
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Secondly, To find the form in which a enters into the 

development. Let 

a == 1, X = x*, 

and let the corresponding valuta of a*, B, C, &c., be 
1, B\ O, dtc, and we have 

(l + ar')'»= \ -^ B' x* + C x^^^ D' x'^ -\- 6lc. 

in which A', B', C, &c., must be independent of a. The 
product of this equation by a^ is 

a"(l-|-x')'» = (a + ax')* = a»4-J5'a«x'4-(7a*x'94-&c., 

in which, if we put 

axf z=Xy or x' = — , 
we have ^ 

and 

Thirdly, To find the coefficients. The derivative of the 
last equation is, by examples 4 and 8 of art. 175, 

&c., 
which, multiplied by (a-J-z), gives 

The product of (a -f Jc)" by n gives, also, 

which, compared with the preceding equation, gives, by art. 

1G:3, 

B' = n, 

lO + B' =inB\ ox 20 = {n—\)B\ ox C"=i (n— 1)J5'; 

3 Z>'+2 e = n C, ^D=: (n— 2) C, />'z= J {« — 2)C' ; 

4E'+3/)'=/iZ>', 4i:'=(n — 3)Z>', IJ'^: J (n — 3)D'; 
&c. &c. &c. 
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The combination of these results gives 

Sir Isaac Newton's Binomial Theorem. 

The first term of any power of a binomial is ths 
same power of the first term of the binomial. 

In the following terms of the power the expon- . 
enit of the first term continually decreases by nriity 
whereas the exponent of the second term, of the bine- 
mial, which is unity in the second term of the power 
cojitinually increases by unity. 

The coefficient of the second term of the power i> 
the exponent of the power. 

If the coefficient of any term, is multiplied by 
the exponent which the first term, of the binomial 
has in that term, and divided by the place of the 
term, the result is the coefficient of the next fol- 
lowing term. 

212. Corollary. The equations of thi> preceding article 
give 

JB' = n 

n(n— 1) 
^ -1. 2 

1.2. 3 

&c. 
Hence 

,(n-1)(n-2)^.3^_^n(n-l)(«--2)(n--3)^,.,^,_^^^ 
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213. Corollary, If x is changed into — jr in the pre- 
ceding formula, it becomes 

ii(w — l)(n — 2) , „ . . 

the signs of every other term being reversed. 

214. Corollary, The preceding formula, written in the 
reverse order of its terms, gives 

whence it appears that 

The coeflScients of two terms which are equally 
distant, the one from the first term, and the other 
from the last term, are equal. 



215. EXAMPLES. 

1. Find the 6th power of ?^ — i 6 c« A 

2 a c 
Solution. Place x = -^ = 2 a Ir^ e, 

y = lb c^ d; 
and we have 

^ But, by the above formula, 

(x — y)« = x« — 6aH5y + 152^y« — 20«3y3+16«3y< 

— 6xy« + y^; 

in which, if we substitute the values of x and y, we have 
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(2 a 6-2 c .. ^ 6 c^ o')6 = 64 o^ /i-12 c« — 48 w> 6-9 c^ rf+ 
15 a^ h 6 c8 d^ — ^. ff3 6-3 c9 </3^ II ^9^10 d^ 

2. Find tLe lOth power of a -|- 6. 

Am, aio+10a9 6+45a8 624-120a7^^-}.210a«6^.f. 
252 a* 65 + 2 10 a^ 66+120 a^ 6^-45 a^ 6«4- 10 a 6^ + 
610. 

3. Find the 11th power of 1 — x. 

^715. 1—1 1 ar+55 x^—\ 65 x3+330 1^— 462 x^-f 462 2« 
— 330 a:7-f.l65a?8— 55 29 + 11 ;riO—x". 

4. Find the 4th power of 5 — 4x. 

Ans. 625 — 2000 a: +2400x2— 1280 0^3 + 256 2^ 

5. Find the 7th power of ^ ar + 2 y. 

Ans, TiFa^''+^7^y + V^y^+¥^!/^+70x3y4 

+ 168 a?2 1/5 + 224 X y« + 128 y7. 

6. Find the 4th power of 5 a2c2rf — 4 a6(f2 

Ans. 625 a^ c^ d^ — 2000 a^ 6 c« rfs + 2400 «« 62 c< rf« 

— 1280 flS 63 c9 rf7 + 256 a< 6* d\ 

216. Problem. To^ find any power of a poly^ 
nomial. 

Solution. Suppose the terms of the given polynomiil to 
be arranged according to the powers of any letter, as x, as 
follows ; 

a + 6j? + cx2 + rfx3 + ex^ + &c., 

in which the successive coefficients are denoted by the suo 
cessive letters of the alphabet. The following is 

Arbogasfs rule for finding any power of the poly* 
nomial 

13 
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Polynomial Theorem. 

The Jirst term of the power is the same power of 
the first term, a of the given polynomial. 

The coefficient of x in the second term is b times 
the derivative of the first term taken with reference 
to a. 

To obtain any other coefficient from, the preceding 
coefficient ; let r be the letter farthest advanced in 
the alphabet which is contained in any term of the 
given coefficient. 

Then r times the derivative of this term, with ref" 
erence to q, is a term of the new coefficient ; but this 
process is obviously inapplicable, or at least useless^ 
when q f^ the last letter of the given polynomial so 
that r is zero. 

If the given term contains the preceding letter p 
as well as q, q tim^es its derivative with reference to 
p, divided by the increased exponent of q, is also 
a term of the new coefficient. 

Thus the term T jd" y* gives, in the following 
coefficient, the two terms 

e Tp' y'+* r and 4r Tp'"^ q^K 

Proof. First. The value of the first term is obtained 
precisely as in the binomial theorem by putting 

07 = 0. 

Secondly/. Let V denote the given polynomial, so tha 
V=a-{-bx-]-cx^ ... -{- p X* -\- q x^-^^ -{■• &.c 
The derivative of V with reference to p is, then, 

and that of F« is, by art. 172, 
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tho derivative of V with reference to q is 

and that of F* is 

It F»-i X-+1. 

Let, now, the required power be the nth and let 

and let the derivatives of ^4, ^, C, ... P, Q, &c., with 
reference to p be A', B\ O, ... P\ Q', &/C., and with 
reference to g, A ', B", C", . . . P", Q", &c. ; the deriva- 
tives of the preceding equation with reference to p and q are 

nF»-»x* = i4'+B'x-|-C'2:2... _[. p/j?^ + Q/x-p+i -f &c. 
nF*-ii-+»=vl"+B"jr4-(?'a:2_, 4 P'2«'+Q''j;^+i4-&c 

the first of which, multiplied by x, is 

nV'-^x^-^^^A'x + B'x^+Ox^... -|-P'a;^4-i + Q'x<?+2+ 

&c., 

which, compared with the other, gives, by art. 163, for the 

coefficient of x^+', 

P' = Q'\ 

that is, the derivative of any coefficient with reference to any 
letter p, is the same with that of the succeeding coefficient 
with reference to the succeeding Utter q. 

Thirdly. Every term of Q, in which q is the letter far- 
hcst advanced in the alphabet, such as T p" q^ , must give 
n Q" a similar term 6 T p"^ 5^~', or else, if 

e=\, 

a term Tp** , in which there is no letter so far advanced as 
q. Every such term, as it belongs also to P', must be the 
derivative of a similar term in P, that is, of a term in which 
p is either the farthest advanced letter, or the next to the 
farthest advanced letter. The terms of 

P' =z Q" 
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are, then, obtained from those of P by derivation, while 
those of Q are obtained from those of its derivative Q" by a 
process, which is the reverse of derivation, and which, by 
art 172, consists in multiplying by q, that is, in increasing 
its exponent by unity, and dividing by its exponent thus in- 
creased. This process is identical with the last paragraph of 
the rule in this article, and the three preceding paragraphs 
refer merely to those cases in which the increased exponent 
of q is unity, so that the division by it is superfluous. 

217. Corollary, If x is put equal to unity in the value 
of 

(a -}- 6 a? -f- c x2 -[- &c.)*, 

we have the value of 

(a -}- 6 -}" ^ "f" &c.)*, 

so that any power of a polynomial, the terms of 
which contain no common letter, is readily found bj' 
multiplying the successive terms, after the first, re- 
spectively by X, ar^, ar^, x^, &c., obtaining the power 
of the polynomial thus formed, and putting 

x= 1 

in the result. 

218. EXAMPLES. 

1. Find the 5th power of 1 +2a;-f-3a:2^4^. 

Solution, Represent the successive coefficients 1, 2, 3| 
4 by a, b, c, and d, so that 

0=1, 6z=2, c = 3, J=4; 

and the given polynomial becomes 

a'\-hx-\- cx^-^da^. 
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the fiflh power of which, is found by the rule to be 



4-10a3 63 



5a^d 
10 a2 63 



--20a3crf 
--30a2/,2rf 

— 30a2 6c9 

— 20 a 63 c 

65 

— 30 a^c ^9 

— 30a62rf2 
--60a6c2«/ 

— 5 a c^ 
-4- 20 63 c /^ 

10 69 c3 



--60a26c(/ 
-- lOfl^cS 
--20a63rf 
--30a62c2 
— 5 64 c 

l8 ^ 10 flS ^3 

--60a6r<;2 

--20oc3rf 
-- 10 63rf2 

--30 62c2rf 
-- 5 6c4 



.6 



--20acrf3 

--10 62(i3 

— 306c2(/2 
5c^d 



+206c</3 
+ 10c3c?2 



xi2 4.5 6rf4 

+ 10c2f?3 



z3 _L 20 a3 6 rf 
--10a3c2 
.-30a262c 
-- 5 a 64 

— 30 a2 6 d^ 

— 30 a2 t2 rf 

— 60a62crf 

— 20ei6c3 

— 5 b^d 
--10 63 c2 

-f- 20 a 6 rf3 

--30flc2^2 

— 30 62crf2 

— 20 6c3^ 



ari3+5ct/4a:i4+(i5a;W 



.10 



Now, if we substitute for a, b, c, d, their values, the pre- 
ceding expression becomes 

(l+2ar+3a:2 4-4 j3)5 = 1 -j. 10 x -f- 55 a?2 + 220 x^ 
+ 690 x^ + 1772 x5 ^ 3830 x^ -j- 7040 x^ -| 
11085 arS + 14970 x^ -f 17203 x^o -{- 1C660 x" 4 
13280 xi2 -|- 8320 x^^ + 3840 x^^ -}- 1024 x". 

2. Find the 3d power of a -|- 6 x 4- c a:®^ 

Ans. a3 -}-3a2 6x4-3 a2car^ -f6a6cx3 

-f- 3 a 62 -f- 63 

4- 3 a c2 x4 + 3 6 c2 j?5 _|. c3 ^6, 
-]-3 62c 

3. Find the 6th power of a -j- 6 -f- c. 

Ans, a6 + 6 flS 6 + 6 flS c 4- 15 a4 69 -|- 30 a^ 6 c 4- 
20 a3 634- 15 rt4 C24-6O a3 69 c 4- 15 a2 64 4- 60 a3 6 c^ -j- 
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60 a« 63 c + 6 a 66 -f 20 c^ c^ + 90 a^ b^ cS -f 30 a 6^ c -j- 
6<^+60a96c3-f60a63c2-f-66«c + 15a2c4 + e>0a62c3 

+ 15 6^ c»4-fX0 a 6 c^ + 20 63 13 + 6 ac« + 15 63 c-* 4- 
6 6 c« + c«. 

4. Find the 4th power of fl3 — q^ x -^^ a z^ — t^. 

Ans. ai2_4aiia;^i0ai0xa — 20a9x3-f 31a82* — 
— 40 a7 x5 + 44 a6 a:6 — 40 a^ar^ -f 31 a^ar*— 20 a3 z^-f- 
10a2a:io__4aa.ii-|-a:i2. 

5. Find the square of a -)- 6 a: -|- c x^ -|- (/i3 ^ g a;4 _j_y2:5. 



Ans. a2+2flr6x + 2ac 

+ ** 



+ 26/ 

+ (£2 



i6 + 2 c/ 
+ 2de 



x3 + 2oc? j3_|_2ac x4_|.2a/ 
+26c +26c/ +266 
+ c2 4-2i:(i 

x8+2c/x»+/a2io. 






SECTION IV 

Roots of PolyDomiali. 

219. Problem. To find any root of a poly no- 

tnial. 

Solution. If the root is arranged according to the pow- 
ers of either of its letters as x, whether ascending or de- 
scending, it is evident from the rule of art. 216, that 

The tej'm of the required root which contains the 
highest power of x, is found by extracting the root 
of the corresponding term of the given polynomial. 

If, now, R is the first portion of the root, and R' the rest 
of it, and if P is the given polynomial of which the nth root 
18 to be extracted, we have 

P = (72 + R'y = 72" + n 12«-i R' + &c. 
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or 



P — R'' = nR''''^ K +&C. 

and 

p P» 

p , = /2 + &c. 

and if, in P — J?* and n/2*~^ only the first term is re- 
tained, the first term of the quotient is the first term of R' ; 
and a new portion of the root is thus found, which, com- 
bined with those before found, gives a new value of JR and 
of P — 12*, which, divided by the value of n R^"^ already 
obtained, gives a new term of the root, and so on. 

Hence to obtain the second term of the root, raisa 
the first term of the root to the power denoted by the 
exponent of the root, and subtract the result from, the 
given polynomial, bringing down only the first term 
of the remainder for a dividend. 

Also raise the first term of the root to the power 
denoted by the exponent one less thoji that of the 
root, and multiply this power by the exponent of the 
root for a divisor. 

Divide the dividend by the divisor, and the quo- 
tient is the second term, of the root. 

The next term is found, by raising the root al- 
ready found to the power dq,noted by the exponent of 
the required root, subtracting this power from the 
given polynomial, and dividing the first term of the 
remainder by the divisor used for obtaining the sec- 
ord term. 

21iis divisor, indeed, being once obtained, is to be 
•used in each successive division, the successive divi* 
dends being the firs< terms of the successive remain' 
dors. 
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220. EXAMPLES. 

1. Find the4throotof 81x8 — 216x7 + 336 2:5 — 50jr* 
~ 224 23 -)- 64 ar+ 16. 

Solution, The operation is as follows, in which the root 
is written at the left of the given power, and the divisor at 
the left of each dividend or remainder ; and only the first 
terra of each remainder is brousfht down. 



8 1 28-2 1 6x7 +336i5— 56x4— 224x3+ 64x+ 16 1 3x2— 2x— 2. 

81x8 



1st Rem. — 216 r7 I 108x6 = 4 X (3x2)3 

81x8— 216x7+216x« — 96x5+16x4 = (3 x2— 2 x)^ 
2d Rem. —216x6 ] 108 x6 

8 1x8-2 1 6x7+336x5-56x4~224x3+64x+16=(3i2-2»-2)4 
3d Rem. 0. 

2. Find the 3d root of a3 + 3 a26 + 3 a2c + 3a62 + 
6a6c + 3ac9 + 63 + 3 62c + 36c2+c3. 

Ans. a + 6+c. 

3. Find the 3d root of a3 + 6 aSft- 3 a2c+ 12a62 — 
12 a 6 c + 3 a c2 + 8 63 — 12 62 c + 6 6 c2 — c3. 

Ans. a + 2 6 — c, 

4. Find the 3d root of 343 x6 — 441 x^ y + 777 x^ yS — 
531 x3 y3 -I- 444 a;2 ^4 _ 144 xij^ + 6i y\ 

Ans, 7x2 — 3xy + 4y2, 

5. Find the 4th root of 81 0^-540 a3 6— 72 a3 c + 
1350 a2 62 + 360 a2 6 c + 24 a^ c^ — 1500 a 63 — 600 a 62 c 

— 80 a 6 c2_ i^ a c3 + 625 64 + ii>^ 63 c + J^ 62 c2 + 

Ans, 3a — 56 — fc. 
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. 6. Find the 5th root of 16807 a^o b^ — i^§^ a^ b^ -f 
u^ a6 ^3 __ z^is> a^ b'^ c — ^^ a^b^— «^ o^ 66 c + 

ff a9 6 + 245 65c — ^V+ ^^4^ a^^b^ c^—^ a'^b^ c — 
^ a-4 68 c^ + r^a-^ b^c + 1^ a'^ W c^ + ^^^ ar^ b^^ c^ 
— ^ a-8 fee c2 — !^^o fl-io ^10 c3 + f^ a-12 ^c ^3 + 

1^6^ a-M 613 c4 _ 1^ a- 16 612c4 +^ a-20 ^15 ^5. 

^/i5. 7a2 6 — J + Ja-n^c. 

7. Find the 9th root of y27 _j_ 27^^25^ 324 y23_|_ 2268 /^^ 

+ 10206 3^19 + 30618 y^'J + 61236 ^/is + 78732 y^^ + 

69049 yii + 19683 y^. 

i4n5. ^3-j-3y. 

221. Corollary. When the preceding method is applied 
to the extraction of the square root, it admits of modifica- 
tions similar to those of art. 189, and we have the following 
rule 

To extract the square root of a given poly?iomial. 

Arrange its terms according to the powers of some 
letter f extract the square root of the first term for the 
first term of the root. 

Double the part of the root thus found- for a divi- 
sor^ subtract the square of this part of the root from 
the given polynomial, afid divide the first term of the 
remainder by the divisor ; the quotient is the second 
teim of the root. 

Double the terms of the root already found for a 
71670 divisor ; subtract from the preceding remainder 
the product of the last term of the root multiplied by 
the preceding divisor augmented by the last term of 
the root. Divide the first term of this new remain^ 
der by the first term of the corresponding divisor^ 
and the quotient is the next term of the root. 
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Proceed in the same way, to find the other tenns 
of the root. 



222. EXAMPLES. 

1 . Find the square root of a;^ + 4 x* + 20 x^ — 16 2 
4 16. 

Solution, In the following solution, the arrangement is 
flimilar to that in the example of art. 190. 



xH-4 a:5 4-20a:a— I6x 4- 16 



4x5 + 
4x5-- 


20x2 — 
4x4 


16 


x+16 


— 4ar4 + 

— 4a?4- 


20x2 — 

8x3 + 


16: 
4. 


E + 16 

r2 


8x3 + 
8x3 + 


16^2 — 
16x2 — 


16 
16. 


r+16 
r+16 



2x3 

2 x3 + 4 x» 

2 x3 + 4 x2 — 4 X 



0. 



2. Tind the square root of 25 a^ _ 30 o3 6 4 49 a^ l^ 
— 24o63_|. 1664. Ans. 5a2__3a64-462. 

3. Find the square root of 4x6+12x5 + 5x4 — 2x3 
4-7x^- -2x4- *• ^''•^- 2x3 4-3x2 — X 4 1. 

4. Find the square root of a^ — 2 a3 x + 3 a2 a;2 — 
2 « x3 -|- x4. Ans. c^ — a X -j- x2. 

5. Find the square root of | + 6 x — 17 x^ __ os j,3 
449x4. Ans. |4 2x — 7x2. 
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SECTION V. 

Binomial Equations. 

223. Definition. When an equation with one un- 
known quantity is reduced to a series of monomials, 
and all its terms which contain the unknown quan- 
tity are multiplied by the same power of the un- 
known quantity, it may be represented by the gen- 

eral fbrm 

^ ar* -f- M = 0, 

and may be called a binomial equation. 

224. Problem. To solve a binomial equation. 

Solution. Suppose the giveo equation to be 

A x^ + M=zO. 
Transposing M and dividing by A, we have 

M 

■ A* 

the nth root of which is 

a; = -v/— . 
A 

Hence, find the value of the power of the unknoirn 
quantity which is contained in the given equation^ 
precisely as if this power were itself the unknown 
quantity^ and the given equations were of the first 
degree. Extract that root of the result wf{ich is 
denoted by the index of the power. 

225. Corollary. Equations containing two or more un- 
known quantities will often, by elimination, conduct to 
binomial equations. 



x» = 
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226. EXAMPLES. 

1. Solve the two equations 

a?y7+2y'' — 4y3— 8x+16=:0, 
a;9y7_4y7__4a;y3^Q^3^32x — 64 = 0. 

Solution, The elimination of y between ttiese two equa« 
tions, by the process of art. 155, gives 

8 a^ — 32 z= 0, 

whence we have 

x2 = 4, 

x=zdt2. 
Now the value of x, 

« = + 2. 
being substituted in the first of the given equations, pro- 
duces 

4 5^7 — 4 y3 z= 0, 

which is satisfied by the value of y, 
or if we divide by 4 y^, we have 

y* - 1 = 0, 

4 

y = v l = dblor = d=\/ — 1, 

as will be shown when we treat of the theory of equations 

Again, the value of x, 

x = — 2, 

being substituted in the first of the given equations, pro 
duces 

— 4 y3 + 32 = 0, 
whence we have 

y^ = 8, 

y = 2or = — Iztx/ — 3, 

as will be shown in the theory of equations. 
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2. Solve the equation 

3x24-2x=: 22 4-22 + 18. 

Ans. z:= db3. 



3. Solve the equation 

2x-7 _ x+1 



2— 1^"^ 2a: + r 

Ans, X =: d= 4. 

4. Solve the equation 

Ans, 2 = 3. 

5. Solve the equation 

a;3 4, a; + 8 , a?3 +a? — 8 _ 

ilns. OP = d= 2. 

6. Solve the equation 

v'(22 + 2) = 2+ 1. ? 

>4n5. «= d= 1. 

7. Solve the equation 

^ (x5 _ 81 ar + 1) = 1. t^ 

^715. 2 = 0, or z = db 3. 

8. Solve the two equations 

x^ — y5 —- 2 5^ 

3 ft 

Ans. 2 = \/ (a -j- 6), y = v/ ( a — 6). 

9. Solve the two equations 

y 6 _ 33 y 3 4. ar4 — 1 7 22 = , 

y«4- 17^3^24 — 33 22 = 0. 

Ans. a? = 0, and y =r ; or ar = zt 5, and y = 2. 

14 
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10. What number is it, whose half multiplied by its third 
part, gives 864 ? Ans. 72. 

11. What number is it, whose 7th and Sth parts multi- 
plied together, and the product divided by 3, gives the 
quotient 398| ? Ans. 22 1. 

12. Find a number such, that if we first add to it 94, 
(hen subtract it from 94, and multiply the sum thus obtained 
by the difference, the product is 8512. Ans 18. 

13. Find a number such, that if we first add it to a, then 
subtract it from a, and multiply the sum by the difference, 
the product is 6. Ans. v' («^ — ^)- 

14. Find a number such, that if we first add it to a, then 
subtract a from it, and multiply the sum by the difference, 
the product is b. Ans, x/^a^-^-b). 

15. What two numbers are they whose product is 750, 
and quotient 3| ? Ans, 50 and 15. 

16. What two numbers are they whose product is a, and 

quotient bl . , . a 

Ans. >/aoand\/-r' 

o 

17. What two numbers are they, the sum of whose 
squares is 13001, and the difference of whose squares is 
1449? Ans. 85 and 76. 

18. What two numbers are they, the sum of whose 
squares is «, and the difference of whose squares is 6 ? 

Ans, \/\ {a-\-b) and v' i {n—h). 

19. What two numbers are to one another as 3 to 4. the 
sum of whose squares is 321900? Ans. 342 and 45(5. 

20. What two numbers are as m to «, the sum of whose 
squares is a ? m y/ a n \/ a 
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21. What two numbers are as m to n, the difference of 
whose squares is a? tn \/ a . n \/ a 

22. A certain capital is let at 4 per cent. ; if we muhiplj 
the number of dollars in the capital, by the number of 
dollars in the interest for 5 months, we obtain 117041|. 
What is the capital ? Ans. $ 2650. 

25i. A person has three kinds of goods, which together 
cost $ 5525. The pound of each article costs as many dol- 
lars as there are pounds of that article ; but he has one 
third more of the second kind than he has of the first, and 
3]^ times as much of the third as he has of the second 
How many pounds has he of each 1 

Ans. 15 pounds of the first, 20 of the second, and 70 

of the third. 

24. Find three numbers such, that the product of the 
first and second is 6, that of the first and third is 10, and 
the sum of the squares of the second and third is 34. 

Ans, 2, 3, 5. 

25. Find three numbers such, that the product of the 
first and second is a, that of the first and third is 5, and 

that of the second and third is c, 

ah ac J be 
Ans. %/ — , y/ -Tj-, and \/ — . 
CO a 

26. What number is it, whose third part, multiplied by 
•ts square, gives 1944 ? Ans, 18. 

27. What number is it, whose half, third, and fourth, 
mtiltiplied together, and the product increased by 32, gives 
4()40? Ans. 48. 

2S. What number is that, whose fourth power divided by 
^th of it, and 167 subtracted from the quotient, gives the 
remainder 12000? Ans. 11|. 
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29. Some merchants engage in business ; each contrib- 
utes a thousand times as many dollars as there are partners. 
They gain in this business $2560; and it is found that this 
gain is exactly half their own number per cent. How many 
merchants are there ? Ans, 8. 

30. Find three numbers such, that the square of the first 
multiplied by the second is 112; the square of the second 
multiplied by the third is 538 ; and the square of the third 
multiplied by the first is 576. Ans, 4, 7, 12. 

227. Corollary. When the solution of a problem 
gives for either of its unknown quantities only imag- 
inary values, the problem must be impossible. 

228. EXAMPLE. 

In what case would the value of the unknown quantity in 
example 13 of art. 226 be imaginary ? and why should the 
problem in this case be impossible? 

Ans, When b > a^, 

that is, when the product of the sum and difference << 
required to be greater than the square of a. Now if ttic 
required number is x, this product is 

(a -{- x) {a'-'x) = a^ — x^; 
and, therefore, less than a^ 
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CHAPTER VI. 

EQUATIONS OF THK SECOND DEGREE 

229. It may easily be shown, as in art. 120, that 
tny equation of the second degree with one unknown 
jiiantity, may be reduced to the form 

As^ + Bx + M^Q, 

in which A x^ denotes the aggregate of all the terms 
multiplied by the second power of the unknown 
quantity. B x denotes all the terms multiplied by 
the unknown quantity itself, and M denotes all the 
terms which do not contain the unknown quantity, 

230. Problem, To solve an equation of the seo 
and degree with one unknown quantity. 

Solution. Having reduced the given equation to the 

form 

Ax^-\-Bx+M = 0, 

we could easily reduce it to an equation of the first degree, 
by extracting its square root, if the first member were a 
perfect square. 

But this cannot be the case, unless the first term is a per- 
feet square ; the equation can, however, always be brought 
to a form in which its first term is a perfect square, by mul- 
tiplying it by some quantity which will render the coeili- 
cient of the first term a perfect square, multiplying by this 
coeflicient itself, for instance ; thus the given equation mul- 
tiplied by A becomes 

^4^x2 + ^ Bx+ AM=0. 
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Now that the equation is in this form, we can readily 
ascertain whether its first member is a perfect square, by 
attempting to extract its root, as follows : 

A^x^^-A BxA'A M Ax+ iB. Root. 
A^z^ 



A Ex 



A Bz + J5 



AM 



2 Ax 



AM — iB^ Rem. 

80 that the first member is a perfect square only when the 
remainder is zero, that is, 

AM—iB^=zO; 

and, in every other case, 

Ax-{'iB 

18 the root of the square which differs from it by this re- 
mainder, that is, 

A^x^+ABx-^AN={Ax'}-iB)^ + AM — lB^ = Oi 
or, transposing AM — J B^, we have 

(^ z + J JB)2 = J ^2_ A M. 
Now the square root of this last equation is 

Ax + iB=:^^{iB^'^AM), 
which, solved as an equation of the first degree, gives 

_ ^IB±:^HB^^AM) 

X- J 

_ —B±: ^(B^-^AAM) 
"~ 2 A 

in which either of the two signs -}- or — , may be used of 

the double sign ztt and we thus have the two roots of the 

given equation 

_ —B + ^jB^-^AAM) 

^'- 2A * 
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and 

_ _B— y/ (Bg — 4 A M) 

'- ^A ~- 

The equation 

which is the same as 

A^x^-\.ABx-^^{m = \B^ — AM, 

is obtained immediately from the equation 

A^z^+ABx-^-AMzzif^, 

by transposing A M to the second member, and adding 
\ B^ to both members. Hence 

To solve an equation of the second degree taith 
one unknown quantity. 

Reduce it as in arts. 112 and 118, transposing 
all the terms which contain the unknown quantity 
to the first member, and the other terms to the second 
member. 

Multiply the equation by any quantity, {the least 
is to be preferred,) which will render the coefficient 
of the second power of the unknown quantity an ex* 
act square. 

Add to this equation the square of the quotient, 
arising from the division of the coefficient of the first 
power of its unknown quantity, by tvnce the square 
root of the coefficient of the second power of its un* 
known quantity. 

Extract the square root of the equation thus aug* 
merited, and the result is an equation of the first 
degree, to be solved as in art. 121. 
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231. Corollary. When we have 

B^ — iAM 
a negative quantity, that is, 

B''<iAM, 
the roots of the given equation are imaginary. 

232. Scholium. The preceding method of solving 
quadratic equations gives the form of the roots in all 
cases, but otherwise it has no advantage in the solu- 
tion of a numerical equation over the solution given 
in Chapter IV. • 

The method of art. 182, applied to this case, gives 

h = — M 

u = Ax^'\-Bx, U=2Ax-\'B, 

and when 

X =z a 

m = Aa'^-\-BayM=2Aa'{-B. 

But the process may be abbreviated precisely as in the case 
of the square root in art. 189, by observing that 

A{a + hf+B(a-^h) = Aa^+Ba+(2Aa-\'B+Ah)h 

= A a^-\-B a+(^+ ^ ^) ^ 
and if the root of the equation 

Ax^ + Bx = — M 

is called the qiiadratic root of — il/, and — M the 
quadratic power of its root, the rule for extracting its 
root is the same as that for extracting the square 
root in art. 189, except that quadratic m^ist be sub' 
Btituted for square, the divisor is, in each case, 

2 Aa + B 

instead of 2^, the addition to the divisor before mul^ 



CH. VI.] 



£QUAT10Ni3 OF THE SECOND DEGREE. 



165 



Examples of Equations of the Second Degree. 

tiplicaiion is A h instead of h, and the division into 
periods is useless. 



233. EXAMPLES. 

1. Solve the equation 

3x2+5 2=1491. 

Solution, The First Method of art. 230. Multiply by 3 
and the product is 

9 x9 + 15 x z= 4473. 

The square completed by the addition of 

is 

(3 X + if = 4479-25, 

of which the square root is 

3 X + 2-5 z= dr 66 927, 
whence 

3 X = 64-427 or — 69-427 

x = 21-476 or —23142. 

The Second Method of art. 232. In the second column 
of this form, the number at the top of the column is the 
root, the numbers above each line are the successive divi- 
sors, and the numbers below are the increased divisors 
before multiplication ; and it is to be observed, that by the 
repetition of the increment the next divisor is obtained. 
We have, then, for the first root 

1491- 
8(20)2 + 5x20= 1300 

128 X 1 = 

132 2 X 4 = 

133-61 X 07 = 



1491- 
1300 


21-476 


191- 


125 = 6x20 + 6 


128 


128 = 125 + 3 X 1 


63 


13! —6x 128 + 3x1 


52-88 


132-2= 131 + 3 X -4 


10-12 


133 4 = 132 2 + 3 X. 4 


9-3527 
•7673 


l;i3-Gl— 133 4 + 3x07 
133 82—13361+3x07 
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and for the second root 



1491 
1100 


— 23 142 


391- 


— 115 


372 


— 124 


19- 


133 


1333 


— 133-3 


567 


133-6 


5-3488 


— 133 72 


3212 


— 133 84 



2. Solve the equation 

48 
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X -|- 3 X + 10 

Solution. This equation, reduced as in arts. 112 and 

118, is 

5z2_52a;4.l35i=0; 

which, multiplied by 5, becomes 

25 x2 _ 260 X z= — 675. 

Completing the square, we have 

25x2 — 260x + 676 — 676 — 675 = 1, 

the square root of which is 

5x — 26z= ±1; 
hence 

a? z= I (26 dz 1) = 5f or = 5. 

3. Solve the equation 

V (2 X + 7) -f v/ (3 X — 18) = v^ (7 a: 4- 1 ). 

» 

Solution, This equation, being freed from radical signs, 
as in art. 204, becomes 

5x2 — 27 ar— 162 = 0; 

the roots of which are 

a? =■ 9, or X = — 3f . 
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4. Solve the two equations 

(y'+6)y+it>(«— 4) = ^ ^_2 ' 

Solution, If we proceed to eliminate y between these 
two equations, by the process of art. 155, the remainder of 
the first division is 

(22— 6 X + 5)3^2— ( 10 x^^60 X + 50)y+24 z^— 144 ar +120, 

in which 

x^ — 6 a: -j- 5 

is a factor of each of the coefficients of y, and y*, and of 
the terms which do not contain y. 

Before suppressing this factor, we must see whether, as 

in art. 157, it -may not be equal to zero, in which case we 

have 

a^_6z-f 5 = 0, 

the roots of which are 

ar = 5, and 2=1. 

Now if the value 

« = 5 

is substituted in the given equations, each of them becomes 

y3 — 5t/2 + 6y = 0, 

which is satisfied by the value 

y = 0, 

or, dividing by y, we have 

y^ — 5y + 6 = 0, 

the roots of which are 

y = 2, and y = 3. 

But if the value 

z = l 

is substituted in the given equations, each of them becomes 
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which is the same as the preceding equation, and gives 
therefore the same values of t/. 

Having thus obtained all the roots of the given equation 

corresponding to 

22 — 624-5 = 0, 

we may omit this factor of the above remainder, and it 

becomes 

y«— lOy + 24; 

and as this does not contain x it is unnecessary to proceed 
farther in the elimination of y, but we may obtain the roots 
of the equation 

y9_10y+24=0, 

which are 

y = 4, and y = 6, 

and substitute them in the given equation to obtain the 
corresponding values of x. 

Thus, if the value 

y = 6 

is substituted in the given equations, each of them becomes 

5x2 — 48ar + 61=0, 

the roots of which are 

But if the value 

j, = 4 

is substituted in the given equations, each of them becomes 

• X — 2 = 0, 
whence 

a; = 2. 

The answer, therefore, is 

zs=5,'or £=1, in either of which cases, ys=0,or=2,or =s3; 

or 2 = ^ (24 db \/ 171 ), in which case, y = 6 ; 

or X = 2, in which case, y = 4. 
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Examples of Equations of the Second Degree. 

7. Solve the equation 

x9 + 8 a; = 209. 

Ans, a? = 1 1, or — 19. 

8. Solve the equation 

4x2_9x = 5x3 — 255i — 82. 

ilii5. X = 15J, or = — 16J. 

9. Solve the equation 

X __ 7 
x+eO — Sar — 5' 

ilns. 0?= 14, or = — 10. 

10. Solve the equation 

8x _g_ 20 



x + 2 3a?' 

Ans. « = 10, or :;= — |. 

11. Solve the equation 

2x+3 _ 2a? 

10 — X ""25 — 3x *• 

- Ans. X = 13ff , or = a 

12. Solve the equation 

3\/(112 — 8«) = 19 + V(3x + 7). 

Ans. X = 6, or = 11-8369. 

13. Solve the equation 

a?9 + 2 X = 10. 
Ans. X = 2-3166, or = — 4-3160 

14. Solve the equation 

a?9+5a?=:10. 

Ans. X = 1-531, or = —6-531. 

15. Solve the equation 

x9 — 9 a? == — 10. 

Ans. X = 7-7015, or = 1-2984. 
15 
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16. Solve the equation 

Ans. X = 2- 108, or = — 2-608. 

17. Solve the equation 

lOa^ — 14« = — 3. 

Am, X = 11359, or — -2641. 

18. Solve the two equations 

2 a; + 3 y = 118, 
5 a:9 — 7 y2 -- 4333. 

Am, X = 35, and y = 16, 

or X = — 229^, and y = 192^ 

19. Solve the two equations 

arS— .^2 + 9 = 0, 

y^x^ — fx'\' 144 y — 540 = 0. 

.4715. y = 6, and x = 3 ; 

or y = 10, and x= 9, or = 1. 

20. Solve the three equations 

xyz=: 105, 
a:+y+z = 7, 
y« + a;y_7y — a:+22 = 0. 
Am, xzzz 15, y = — 1, « = — 7; 
or a; = 15, y = — 7, z = — 1 ; 
or or = 7, y = +\/15, z = _ ^ 15; ' 
or a? = 7, y = — v/15, « = + v^ 15. 

21. What two numbers are they, whose sum is 32, ana 
product 240? Am. 12 and 20. 

22. What two numbers are they, whose sum is a, and 
product bl 

Am. Ja + v'(Ja2_6),and|a— V(Ja2_6), 

In what case would the values of these unknown quan- 
tities be imaginary ? 
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Ans, When we have 



that is, 

6>(5a)»; 

that is, the product of two numbers cannot be greater 
than the square of half their sum. 

23. What two numbers are they, whose difference is 5, 
and product 24? Ans. 8 and 3; or — 3 and — 8. 

24. What two numbers are they, whose difference is a, 
and product b 1 

Ans. iadbv'Cfi + Jfl^), and— Jadzv/(6 + Ja2). 

25. Find a number, whose square exceeds it by 306. 

Ans. 18, or — 17. 

26. A person being asked his age, answered, *' My 
mother was 20 years old when I was born, and her age 
multiplied by mine, exceeds our united ages by 2500." 
What was his age ? Ans. 42. 

27. A person buys some pieces of cloth, at equal prices, 
for 9 60. Had he got three more pieces for the same sum, 
each piece would have cost him $ 1 less. How many pieces 
did he buy ? Ans. 12. 

28. A person dies, leaving children, and a fortune of 
$46800, 'which, by the will, is to be divided equally among 
thejn. It happens, however, that immediately after the 
death of the father, two of his children also die. If, in 
consequence of this, each remaining child receives $ 1950 
more than it was entitled to by the will, how many children 
were there ? Afis. 8. 

29. Twenty persons, men and women, spent $ 48 at an 
inn ; the men $24, and the women the same sum. Now, 
on inspecting the bill, it is found that the men have to pay 
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$ 1 each more than the women. How many men, there- 
fore, were there in the company ? Ans, 8. 

30. What two numbers are they, whose sum is 41, and 
the sum of whose squares is 901 ? ' Ans. 15 and 26. 

31. What two numbers are they, whose sum is a, and the 
8um of whose squares is 6 ? 

Ans. ia+ Jv (26 — a2), and J a — J (2xb — a^). 

In what case would the values of these unknown quan- 
tities be imaginary ? 

Ans. When we have 

o2>2 6; 

that is, the square of the sum of two numbers cannot be 
greater than twice the sum of their squares. 

32. What two numbers are they, whose difference is 8, 
and the sum of whose squares is 544 ? 

Ans. 12 and 20 ; or — 12 and —20. 

33. What two numbers are they, whose difference is a, 
itnd the sum of whose squares is 6 ? 

Ans. Ja±Jv/(26 — a2)^and— Ja±:iv/(26— a2). 

In what case would the values of these unknown quan- 
tities be imaginary ? 

Ans, When we have 

a2 > 2 b; 

that is, the square of the difference of two numbers can- 
not be greater than twice the sum of their squares. 

34. Divide the number 39 into two parts, such that the 
sum of their cubes may be 17199. Ans. 15 and 24. 

35. A person being asked about his yearly income, 
answered, " My income is such, that if I add $ 1578 to it, 
and also subtract $ 142 from it, and extract the cube roots 
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of the numbers thus obtained, the difference between the 
roots is 10." What was his income? Ans, $150. 

36. Find two numbers whose difference added to the dif- 
ference of their squares, makes 150, and whose sum added 
to the sum of their squares is 330. 

Ans, The one is 15, or — 16; the other is 9, or — 10. 

37. What two numbers are they, whose sum, product, 
and difference of their squares, are all equal to each other ? 

Ans. i (3 zb v/5), and J (1 =*= V S)- 

38. Find a number consisting of three digits, such, that^ 
the sum of the squares of the digits, without considering 
their position, may be 104; but the square of the middle 
digit exceeds twice the product of the other two by 4 ; 
farther, if 594 be subtracted from the number sought, the 
three digits are inverted. Ans* SG2. 

234. Corollary. The preceding method is not 
only applicable to equations of the second degree, 
but to all equations of the form 

Aar'^' + B x^' + M = 0, 

in which there are two terms multiplied by different 
powers of x, the highest exponent being the double 
of the lowest ; and 71 may be either integral or frac- 
tional. 

235. EXAMPLES. 

. 1. Solve the equation 

J a:2»* -j- B a?* + illf = 

Solution. If the square is completed, as in the preceding 
article, and the square root extracted, the result is 

^ X* + i 5 = rt V (—^ ^+i J52): 

15* 
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from which we obtain, by art. 224, 

2. Solve the equation 

x4 _ 74 aa == _ 1225. 

Ans. aj = ± 5, or = i 7. 

3. Solve the equation 

3 «8 + 42 ar3 = 3321. 

3 
An$. a: = 3, or = — v^ 41. 

4. Solve the equation 

5 ^ X — v^a;=6. 

Ans. X = 16, or 81. 

6. Solve the equation 

(a? + 12)i + (x + 12)* = 6. 

Arts, z = 4, or 69. 

6. Solve the equation 

2 + 16 — 7(x+16)i=.10— 4(x + 16)i 

Ans, a:=9, or — 12. ^ 

7. Solve the equation 

«S — a? = 2 ari 

Ans, 0? = 0, or 1, or 4. 

8. Solve the equation 

«3 — X* = 56. 

Ans, X =4, or ( — 7)'. 

9. Solve the equation 

2^ 4. x* = 756. 

Ans. x= 243, or (—28)* 



3 
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10. Solve the equation 

(a;2 ^ 5)2 — 4 xa = 160. 

Ans, a: = 3, or \/ — 15, 

11. What two numbers are they, whose product is 255, 
and the sum of whose squares is 514 ? 

Ans. 15 and 17, or — 15 and — 17. 

1^. What two numbers are they, whose product is a, and 
the sum of whose squares is bt 

Ans. zh v' [i 6 + v' (J 62— a^)l 
and =b V' [i 6 — ^ ( J 62— a2)]. 

13. What number exceeds its square root by 20 ? 

Ans, 25. 

14. What number is it, the excess of whose square above 
its square root is equal to 56 divided by the number ? 

3 

Ans. 4 or ^ 49. 

236. There are equations of higher degrees, which, 
can be reduced to equations of the second degree by 
introducing other unknown quantities instead of those 
contained in them. Thus if the same algebraic ex- 
pression is involved in different ways, it will often 
be found successful to consider this expression as the 
unknown quantity. 



237. EXAMPLES. 

1. Solve the two equations 

ra:2~-23y)3 + (x2_23y)2 + (j^— 23y)(a:— 2y) = 18, 
(ap3 — 23y)2 + (2;-2t/) = 7. 



c 



\ 
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Solution, Confiider 

{^ - 23 y), and (x - 2 y), 
ts the unknown quantities, making 

X' = a^ — 23 y, 

y' = X — 2 y ; 

and the equations become 

jc'3-}-a;/2^a;/y/ =: 18, 

x'2 + y' = 7. 
Hence, by the elimination of y', we have 

x'2 + 7x' = 18, 
and, therefore, 

x' z= 2, or z= — 9 ; 
and the corresponding values of y' are 

y' = 3,or = — 74; . 
that is, 

«3 — 23 y = 2, or = — 9, 

X — 2y = 3, orz= — 74. 

The solution of these equations gives 

X = 5, y = 1 ; 
or, 

x=:6|,y = lj; 

x = J(23±\/14001),y=J(319±v/14001). 
2. Solve the equation 

ar + (x + 6)i = 2 + 3 (a? + 6)*. 

Ans, X = 10, or — 2* 

8. Solve the two equations 

{x + y) + {x+y)i = l2, 
«3 + y3 = 189. 

Ans. X = 5, or = 4 ; y = 4, or = 6. 
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238. Corollary, When there are two unknown 
quantities which enter symmetrically into the given 
equation, the solution is often simplified by substi- 
tuting for them two other unknown quantities, one 
of which is their product and the other their sum. 



239. EXAMPLES. 

1. Find two numbers whose sum is 5, and the sum of 
whose fiflh powers is 275. 

Solution, Let the numbers be x and y, represent their 
product by p, and we have 

a: + y = 6, 
x5 ^ y5 = 275. 

But we also have 

(a?4-y)5=a:5 + 5x*y+10x3y9^10x2y3^5a.y4^y5 

= zHy«+5xy(i3-f-y3)^10x9y9(ar + y); 
and 

= (^ + 3^)^ — 3x3^(2 + 3^) 
= 125— 15;?. 
Hence 

(2-f y)5= 275 +5p (125 — 15p) + lOjp^ X 5 =5«; 

or, by reduction, 

p2_25|? = — 114, 

p=19, or = 6; 
and 

x = 2, or=3,or=i(5±V — 51), 

y = 3, or=2, or = J (5 TV — 51). 

2. Solve the two equations 

{X - y) (x3 - y9) = 7, 

(« + y) (x2 + y2) = 17S. . 
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Solution. These equations become, by developmeoiy 

23 _[. a;2y _^a:y2 4-t/3 = 175 ; 
and, by the substitution of 

« + y = *» 

xy=p; 

they still farther become, 

53 — 4 5 p = 7^' 

^ — 2sp= 175. 
If we eliminate p we have 

53 = 343, 

whence 

5 = 7; 

and this value gives, by substitution, 

343 — 14 p = 175, 

p= 12. 

Hence 

or = 3, or = 4 ; 

y = 4, or = 3. 

3. Solve the two equations 

X -|-y = X y 

Ans. 2=2, or=J(— 3=fc:-v/21); 
y=2,or = J(— 3T%/21). 

4. Solve the two equations 

x3 4. y3 =» 189, 

a^ y + X y^ = 180, 

Ans. a? = 4, or = 5; 
y = 5, or = 4. 

5. Solvf the two equations 

22 + y2 = 5, 
ap y = 2. 

Ans. a: *= ± 2, or = ± 1 ; 
y = db 1, or = ± 2. 
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6. Solve the two equations 

23 ^9 ^ a;9 y^ = 12. 

Arts, xsss 1, or sb2; 
y = 2, or = 1. 

7. Solve the two equations 

4 2y = 96 — afiyS 

a? 4- y = 6. A 

^«5. jc = 2, or 4, or 3 ± v' 21 ; 
y = 4, or 2, or 3 q= v' 21. 

8. Find two numbers such, that .their sum and product 
may together be 34, and the sum of their squares may ex- 
ceed the sum of the numbers themselves by 42. 

Ans, 4 and 6 ; 

or J (—11 + ^ — 59,) and J (—11 — v/ — 69). 

9. What two numbers are they, whose sum is 3, and the 
sum of whose fourth powers is 17 ? 

^715. 2 and 1 ; 

or i (3+ v/— 55), and \ (3— -^ — 55). 

10. What two numbers are they, whose product is 3, and 
the sum of whose fourth powers is 82 ? 

Ans, ± 1, and ±3; 

OT zk s/ — 1, and =F ^ — 9 

240. Corollary. In many cases, in which two un- 
known quantities enter into the given equal iors 
symmetrically except in regard to their signs, tl e 
solution is simplified by substituting for them two 
other unknown quantities, one of which is their dif- 
ference, and the other is their sum or their product. 
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241. EXAMPLES. 

1. Solve the two equations 

V . {x-!/){x^ + y^) = lS, 

(x — y)xy = 6. 

Solution. These equations become, by the substitution 

of 

x — y = t, 

xy=p; 

tp==6. 
By the elimination of p, we have 

f3=l, 

whence we find 

p = 6, 
and 

9 = 3, or<== — 2; 

y = 2, or = — 3. 

2. Solve the two equations 

Solution. These equations become, by the substitution 
of 

« + y = ^» 

X — y = t; 

St = 7, 

J(53 + 3s<«)=91f. 

Uence, by the elimination of t, we have 

s4 _ 2401 = 0, 
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and 

s= ^^2401 = ±7,or = d:7v/— 1; 
* z= db 1, or = q= v' — 1. 

2 = dz 4, or = ± 3 v/ — 1 ; 
y = ± 3, or = ± 4 v/ -^ 1. 

3. Solve the two equations 

sfi y3 = 7^ A 

Ans. a? = 2, or = — 1; 
y=l, or = — 2. 

4. Solve the two equations 

x^ — y^ = 215, y 

Ans. a; = 6, or = — 1 ; 
yz=l, or= — a 

5. Solve the two equations 

a?y — x'^y^'\-xy^= 156, X 

xy{x^—y^)—23^y^{x—y) + {x — y)^= 157. 

Ans, z = 4, or = — 3, or = J( Idcv^ — 51); 
y = 3, or=+4,or=J(— 1±V— 51). 

or x = ± J v(— i575izb2v/(624+I574)) — 78J. 

y = ±J v(-1575i±2 V(624+T574)) + 78J. 

6. What two numbers are they, whose difference is 1, 
and the difference of whose third powers is 7 ? 

Ans, 1 and 2, or — 2 and — 1. 

7. What two numbers are they, whose difference is 3, 
and the sum of whose fourth powers is 257? 

Ans. 4 and 1, or — 4 and — 1, 

ori(±^/(-79) + 3)andJ(±^/(— 79)-.3). 

16 
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242. When the first member of one of the equa- 
tions, reduced as in art. 118, is homogeneous in re- 
gard to two unknown quantities, the solution is of- 
ten simplified by substituting for the two unknown 
quantities, two other unknown quantities, one of 
which is their quotient. 

The same method of simplification can also be 
employed when such a homogeuGous equation is 
readily obtained from the given equations. 

243. EXAMPLES. 

1. Solve the two equations 
«s — 6jcy+8y2 = o, 

Solution. Retaining the unknown quantity ?/, introduce 
instead of z, the unknown quantity q, such that 

X 

orx = qy; 
from which the given equations become 

52 y3 — 6 9 y3 + Sy^+{q y— 2y)(y9-5y4-4) = 0. 
Both these equations are satisfied by the value of t^, 

whence 

X = q 1/ = 0. 

But if we divide the first of these equations by y**, and the 
second by y, we have 

g2 _ 6 9 + 8 = 0, 

52y2_e^y2_|.8y2 4-(^_2)(y9-5y+4)=0; 
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the first of which gives 

gr = 2, or = 4. 
The value of q, 

being substituted in the other equation, reduces the first 
member to zero, and therefore y is indeterminate ; that is, 
X and t/ may have any values whatever, with the limitation 
that X is the double of y. 

The value of y, 

being substituted in the other equation, gives 

2(5^^ — 5y + 4) = 0; 
whence 

y = 1, or = 4, 
and 

X = 4, or = 16. 

2. Solve the two equations 

a;5 -|- x3 ^2 -_. 5^ 
x5 ^ 4 a- y4 _ 65. 

Solution, 13 times the first equation, diminished by the 
second equation, is ^ 

12 254- lSx^y^ — 4xy^ = 0; 

and, if we make 

we have 

12^^1/5 -f- 13^3 y5_4gy5=:0. 

Which is satisfied by the value of y, 

y = 0; 

and this value of y, being substituted in the given equations 

produces 

x^ = 5, 

which are evident impossibilities, and therefore the value 
y r= is impossible. 
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Dividing, then, by y^, we have 

12^5+13y3 — 4y = 0; 

which is satisfied by the value of q, 

9 = 0; 

dividing by q, we have 

12j4 + 13g2_4=:0, 
whence 

5' = ± i, or gr = ± s/ — |. 

Now the first of the given equations becomes, by the sab* 
stitution of 

hence, by the substitution of the above values of q, we have 

y= GO, a;=Oxoo = {= indeterminate ; 
or y = it 2, X = 1 ; 

ory = ±i/t X \/ — 3,a? = v20. 

3. Solve the two equations 

81a:* + 9a;2y9 = 20y<, 
(y'^y)''+(3 * y+2 y )2— 9 i2(2y^)_i2 y (a;^2 y) = 0. 
^«5. 2 = 0, and y = ; 

or jc = 2, and y = 3 ; 

or jc = — m, and y = — 2f ; 

or a: = — 3^^, and y = 4^ ; 

or ap = §, and y = — 1 ; 

or a; = J(— 5d:\/— 5,) andy = l±v/— 6; 
or 2 = d= J \/ — 5, and y = 1 . 

4. Solve the two equations 

a:3 + 2 a? y3 = 3, 
a:y3+«a?3y = 3. 

Ans. X = 1, and y = L 
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5. What two numbers are they, twice the sum of whose 
squares is 5 times their product, and the sum of whose sixth 
powers is 65. Ans, 2 and 1, or — 2 and — 1. 

6. What two numbers are they, the difference of whose 
fourth powers is 65, and the square of the sum of whose 
squares is 169. Ans, db 2, and ±3* - ^ 
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To find the last Term. 



CHAPTER Vn. 

PROGRESSION'S. 
SECTION I. 

Arithmetical Progression. 

244. An Arithmetical Progression^ or a progress 
sion by differences, is a series of terms or quantities 
which continually increase or decrease by a constant 
quantity. 

This constant increment or decrement is called the 
common difference of the progression. 

Throughout this section the following notation will be 
retained. We shall use 

a z= the first term of the progression, 

/ = the last term, 

r = the common difrercnce, 

ft =1 the number of terms, 

S =r the sum of all the terms. 

245. Problem. To find the las* term, of an arith- 
m>etical progression when its first term,, common dif' 
ference, and number of terms are known. 

Solution. In this case a, r, and n, are supposed to be 
known, and / is to be found. Now the successive terms of 
the series if it is increasing are 

a, a -|- r, a -|- 2 r, a -|- 3 r, a -|- 4 r, &c. ; 
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Sam of two Terms equally distant from the extremes. 

80 that the nth term is obviously 

lz= a -{■■ (n — 1) r. 
But if the series is decreasing, the last term must be 

l=z a — (n — 1) r. 

Both these cases are, however, included in one, if we 
suppose r to be negative urhen the series is decreasing. 

246. Corollary, In like manner any other term, such as 
the 7»th, is 

a -j- (m — 1) r. 

247. Corollary. By writing the series in an inverted 
order, beginning with the last term, a new series is found, 
of which the first term is /, and the common difference — r. 
Hence the mth term of this series, that is, the mth. term 
counting from the last of the given series, is 

/ — {m — 1 ) r. 

248. Corollary, The sum of the wth term and of the 
mth term from the last is, therefore, 

[a4.(OT — l)r] + [/— (/„ — l)r] = a + /; 

that is, the sum of any two termSj taken at equal 
distances from the two extremes of an arithmetical 
series, i^ equal to the sum of the two extremes. 

249. Problem, To find the sum of an arithmeti- 
cal progression when its first term, last term, and 
number of terms are known. 

SUution, In this case, a, /, and n are supposed to be 
known, and S is to be found. 
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Suppose the terms of the series to be written as follows 
first in the regular order, and then in an inverted order : 

Of Of Cy ••••!. Ay A y 

I, ky i, c, b, a. 

The sum of the terms of each of these progressions being S, 
the sum of both of them must be 2 S, that is, 

2-Sr= (a+t)+{b+k)+{c+i) . . .+(,+c)+(AH-6)+(/+a). 

But by the preceding corollary, we have 

a-|-/=:6-4-A;=c-f-t = &c. 

Hence 2 iSf is equal to as many times (a -(- ^^ there are 
terms in the series, that is, 

or S=i{a + i)n; 

that is, the sum of a progression is equal to half the 
sum of the two extremes, multiplied by the number 
of terms. 

250. Corollary, From the equations 

/=a + (n-l)r, 
8=i{a + l)n; 

either two of the quantities a, /, r, n, and 8 can be deter 
mined when the other three are known. 



251. EXAMPLES. 

1. Find the 100th term of the series 2, 9, IG, &c. 

Ans. G95. 

2. Find the sum of the preceding series. 

Ans, 34850. 

3. Find S, when a, r, and n are known. 

Ans. S=i [2« + (»— .l)^]fi. 
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4. Find n and S, when a, /, and r are known. 

Ans. n z= U 1 ; 

r ' 

5. Find the number and sum of terms of the series of 
which the first term is 6, the last term 796, and the com- 
mon difference 10. 

Ans, The number of terms = 80, 

the sum = 32080. 

6. Find r, when a, /, and n are known. 

Ans, r = -. 

n—1 

7. Find the common difference and sum of the series, of 
which the first term is 75, and the last term 15, and the 
number of terms 13. 

Ans, The common difference = — 6, 
* the sum = 585. 

8. Find r and n, when a, /, and S are known. 

28 



Ans. n = 









2^— (a+/)- 

9 Find the common difference and number of terms of 

a series, of which the first term is 2, and the last term 345, 

and the sum 8675. 

Ahs. The number of terms = 50, 

the common difference =i 7. 
in. Find I and n, when a, r, and S are known. 

r ' 

/ = X/[2rS+ (a— i r)2] — J r. 



t 
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Examples in Progression. 



11. Find the last term and number of terms of a series, 
of which the first term is 3, the common difference 4, and 
the sum of the terms 105. 

Arts. The last term = 27, 

the number of terms = 7. 

' 12. Find a and n, when /, r, and 8 are known. 

r 

« = d=V[(^+ir)a-2rS] + Jr. 

13. Find the first term and the number of terms of a 
series, of which the last term is 13, the common difference 
3, and the sum of the series 35. 

Ans» The first term =: 1, 

the number of terms = 5. 

■ 

> 14. Find / and r^ when a, n, and 8 are known. 

Ans. I = a, 

n 

2 {8^ an) 
— n(n — l)' 

15. Find the last term and common difference of a series, 
of which the first term is |, the number of terms 12, and 
the sum 100. 

Ans, The last term = 16, 

the common difference =: 1^§. 

16. Find a and r, when /, n, and 8 are known. 

Ans, a = I, 

n 

__ 2{ln—8) 
"" n{n — J)' 
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17. Find the first terra and common difference of a series, 

of which the last term is 50, the number of terms 20, and 

the sum 600. 

Ans» The first term = 10, 

the common difference = 2f^. 

18. Find a and S, when /, r, and n are known. 

Ans. a=zl — {n — 1) r, 

S=^[2i—{n — \)r]n. 

19. Find the first term and sum of the terms of a series, 
of which the last term is 100, the common difference ^, and 
the number of *erms 51. 

Ans, The first term = 75, 

the sum of the terms = 4462|. 

20. Find a and /, when r, n, and S are known. 

Ans. az=z 4 (n — 1) r, 

It ■ ' 

21. Find the first and last terms of a series, of which the 
common difference is 5, the number of terms 6, and the 

sum 321. 

Ans. The first term = 41, 

the last term = 66. 

22. Find the sum of the natural series of numbers \^ 
2, 3, ^'C. up to n terms. 

Ans, J « (« -}" ^)* 

23. Find the sum of the natural series of numbers fronr 

1 to 100. 

Ans. 5050. 

24. Find the sum of the odd numbers 1, 3, 5, &c. up tc 

ft terms. 

Ans. n* 
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25. Find the sum of the odd numbers from 1 to 99. 

Ans. 2500. 

26. Find the sum of the even numbers 2, 4, 6, &.c. up 

to n terms. 

Ans. 1^(71-^ 1). 

27. Find the sum of the even numbers from 2 to 100. 

Ans. 2550. 

28. One hundred stones being placed on the ground, in 
a straight line, at a distance of 2 yards from each other ; 
how far will a person travel, who shall bring them one by 
one to a basket, placed at 2 yards from the first stone ? 

^115. 11 miles, 840 yards. 

29. We know, from natural philosophy, that, a body 
which falls in a vacuum, passes, in the first second of its 
fall, through a space of 16^ feet, but in each succeeding 
second, 32^ feet more than in the immediately preceding 
one. Now, if a body has been falling 20 seconds, how 
many feet will it have fallen the last second ? and how 
many in the whole time ? 

Ans, 627 j^ feet in the last second, and 6433| feet in 
the whole time. 

30. In a foundery, a person saw 15 rows of cannon-balls 

placed one above another, and asked a bombardier how 

many balls there were inr the lowest row. " You may 

easily calculate that," answered the bombardier. '' In all 

these rows together, there are 4200 balls, and each row, 

from the first to the last, contains 20 balls less than the 

one immediately below it." How many balls, therefore, 

were there in the lowest row ? 

Ans. 420. 

252. The arithmetical mean between several 
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Arithmetical Mean. 



quatuities is the quotient of their sum divided by 
their number. 

Thus the arithmetical mean between the two quantities 
a and b is half their sum, or ^ (a-|-6); that between the 
four quantities 1, 7, 11/5 is 6. 

253. Problem, To find the arithmetical mean 
between the terms of an arithmetical progression. 

Scholium. It is, by the preceding definition 

S^ 

n' 
or, since 

S = Jn(a + /), 
it is 

that is, half the sum of the extremes, and also, by art. 248, 
half the sum of any two terms at equal distances from the 
extremes. 

254. Problem, To find the first and last terms of 
a progression of which the arithmetical mean, the 
number of terms, and the common diflerence are 
known. 

Solution, If we denote the arithmetical mean by M, we 
have 

which, substituted in the result of example 20, in art 251, 

gives 

a = Jlf— J(n — l)r, 

l=^M + i{n-l)r. 

255. Scholium, In very many of the problems 
involving arithmetical progression, it is convenient 

17 
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Examples involving Arithmeticr.I Progression. 

« 

to use for one of the unknown quantities the arith- 
metical mean. 



256. EXAMPLES. 

' 1. Find five numbers in arithmetical progression whose 
sum is 25, and whose continued product is 945. 

Solution, Denote the arithmetical mean by M, and the 
common difference by r, and we have, by art 254, 

25 
i8f= — = 5; 
5 ' 

«nd 

the first term = M — J2 r = 5 — 2 r, 

the second term = M — r =5 — r, 

the third term =: jif =5, 

the fpurth term =. M -\- r =:5-|-r, 

the fifth term = Jf + 2 r = 5 -f 2 r; 

and the continued product of these terms is 

(5 -2 r)(5-r)5(5+r)(5+2r)= 3125-625 rH-20r4 =945. 

Hence we find 

r = ± 2, or = dz v^ 54J ; 

and the only rational series satisfying the condition is, there* 
fore, 1, 3, 5, 7, 9. 

2. Find four numbers in arithmetical progression whose 
sum is 32, and the sum of wh9se squares is 276. 

y Ana. 5, 7, 9, 11. 

3. A traveller sets out for a certain place, and travels 
1 mile the first day, 2 the second, and so on. In five days 
af\erwards another sets out, and travels 12 miles a day. 
How long and how far must he travel to overtake the first? 

Ans. 3 days and 36 miles. 
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4. Find four numbers in arithmetical progression whose 
sum is 28, and continued product 5S5. 

Ans. 1, 5, 9, 13. 

« 5. The sum of the squares of the first and last of four 
numbers in arithmetical progression is 200, and the sura of 
the squares of the second and third is 186 ; find them. 

Ans, 2y(5, 10, 14. 

6. Eighteen numbers in arithmetical progression are 
such, that the sum of the two mean terms is 31^, and the 
product of the extreme terms is 85|. Find the 6rst term 
and the common difference. 

Ans. The first term is 3, 

the common difference is 1|. p 

c 

I 

SECTION n. 

Geometrical Progression. 

257. A Geometrical Progression, or a progression 
by qiiotients, is a series of terms which increase or 
decrease by a constant ratio. 

a, I, n, and S will be used in this section as in the last, 
to denote respective^iy the first term, the last term, the num- 
ber of terms, and the sum of the terms ; and r will l>e used 
to denote the constant ratio. 

258. Problem, To find the last term of a geomet" 
rical progression when its first term, ratio, and numr 
ber of terms are kfiown. 
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To find the last Term and Sum. 



Solution, In this case o, r. and n are given, to find / 
Now the terms of the series are as follows : 

a^ ar^ ar^f ar^ . . . d&c. . . . ar*"*| 

80 that, the last or nth term is 

that is, the last term is equal to the product of the 
first term by that power of the ratio whose exponent 
is one less than the fiumber of terms. 

259. Problem, To find the sum of a geometri- 
cal progression, of which the first term, the ratioj 
and the number of terms are known. 

Solution. We have 

f^ iSf=a-l-ar4-ar2-f-&c +ar*-2-}-ar"-i. 

V^ If we multiply all the terms of this jequation by. r, we have 

'^ riSf=:ar-|-ar2-}-ar3-j-&c. . . . -j-ar»~i-|"v ?:"N ''^ 

from which, subtracting the former equation, and striking 
out the terms which cancel, we have 

rS — S=zar* — a, 
or 

(r — I) S = ar* — a=^a(r* — 1) ; 

whence 

^ flr** — a a (r» — 1) 

r — 1 r — 1 

Hence, to find the sum,, multiply the first term by the 
difference between unity and that power of the ratio 
whose exponent is equal to the number of terms, and 
divide the product by the difference between unity 
and the ratio. 



*\A-^ 
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Examples in Geometrical Progression. 

260. Corollary. The two equations 

l = ar''''^ 

{r — l)S = a(r^ — l) 

give the means of determining either two of the 
quantities o, Z, r, w, and S, when the other three are 
icnown. 

But it must be observed, that, since n is an exponent, it 
can only be determined by the solution of an exponential 
equation. 

261. EXAMPLES 

1. Find the 8th term and the sum of the first 8 terms of 
the progression 2, 6, 18, d&c, of which the ratio is 3. 

Ans. The 8th term is 4374, 
the sum is 6560. 

2. Find the 12th term and the sum of the first 12 terms 
of the series 64, 16, 4, 1, J, 6lc., of which the ratio is ^. 

^715. The 12th term is ^t^tb, 
the sum is 85/^*^^^. 

« 3. Find 8, when a, /, and r are known. 

Ans, S = T- 

r — I 

4. Find the sum of the geometrical progression of which 
the first term is 7, the ratio \, and the last term 1|. 

Ans. 12 J. 

5. Find r and 8^ when a, /, and n are known. 

n— 1 7 n — 1 n— 1 

•-1 I ^ a 

Ans. r =: / -r, 8 = „_, » — ;^zi 7^ • 
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6. Find the ratio and sum of the series of which the 

first term is 160, the last term 3S880, and the number of 

terms 6. 

Ans, The ratio is 3, 

the sum is 58240. 

7. Find r, when a, I, and S are known. 

iSf — a 
Ans, r = -^p^ — ■=. 

8. Find the ratio of the series of which the first term is 
1620, the last term 20, and the sum 2420. 



Ans, \. 



9. Find a and S, when /, r, and n are known. 

Ans, a = 



,.n-l» 



Sz= ^^'■""'^ 



10. Find the first term and sum of the series of which 
the last term is 1, the ratio ^, and the number of terms 5. 

Ans, The first term is 16, 
the sum is 31. 

11. Find /, when a, r, and 8 are known. 

Ans, I = S . 

r 

12. Find the last term of the series of which the first 

term is 5, the ratio ^^ and the sum 6^^. 

Ans. 2^. 

13. Find a, when /, r, and iS^ are known. 

Ana, a = S—{S'-l)r. 

14. Find the first term of the series of which the last 

term is j^, the ratio -^, and the sum 6^ 

Ans, 5. 
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Infinite Geometrical Progression. 

15. Find a and /, when r, n, and S are known. 



Ans, a = 



r* — 1 ' 



r»— 1 

16. Find the first and last terms of the series of which 
the ratio is % the number of terms 12, and the sum 4095. 

Ans, The first term is 1, 
the last term 2048. 

262. An infinite decreasing geomelrical progres- 
sion is one in which the ratio is less than unity, and 
the number of terms infinite. 

263. Problem, To find the last term and the sum 
of the terms of an infinite decreasing geometrical 
progression^ of which the first term and the ratio are 
known. 

Solution. Since r is less than unity, we may denote it 
by a fraction, of which the numerator is 1, and the denomi- 
nator r* is greater than unity ; and we have 

_ l_ 

Since, then, the number of terms is infinite, the formulas 
for the last term and the sum become 

/ = a r»-i = a X = 0, 

r { — a — a 



*^ 



fif = 



r— 1 ""r — I' 

a ^^ ^^ 
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that is, the last term is zero, and the sum is found 
by dividing the first term by the difference between 
unity and the ratio. 

264. Corollary. From the equation 

a 



S = 



l — r' 

either of the quantities a, r, and iS may be found, 
when the other two are known. 

265. EXAMPLES. 

1. Find the sum of the infinite progression, of which the 

first term is 1, and the ratio |. 

Ans. 2. 

2. Find the sum of the infinite progression of which the 

first term is 0*7, and the ratio 0*1. 

Ans. |-. 

3. Find r, in an infinite progression, when a and S are 
known. 

Ans. r z= 1 --. 

4. Find the ratio of an infinite progression, of which tba 

first term is 17, and the sum 18. 

Ans. -jig-* 

5. Find a, in an infinite progression, when r and S are 
known. 

Ans. a = S {I — r). 

6. Find the first term of an infinite progression, of which 
the ratio is |, and the sum 6. 

Ans. 2. 
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CHAPTER VIIL 

GENERAL THEORTf OF EQUATIOI^ 
SECTION I. 

Composition of Equations. 

266. Any equation of the nth degree, with one 
unknown quantity, when reduced as in art. IIB, may 
be represented by the form 

Ax^' + Bx^'-^-^-Cx'^-^ + iLC. +itf =0. 

If this equation is divided by ^,'and the coefficients 

B C M 

-J, — , &c., -J represented by a, 6, &c., m, it is reduced to 

267. Theorem. If any root of the equation 

is denoted by x', the first member of this equation is y^ 
a polynomial, divisible by x — x', without regard to 
the value of tl, i 

Proof, Denote x — x* by^jHl, that is, 

JL/>ill = a: — x', 
or , 

If this value of x is substituted in the given equation, if 
P^i is used to denote all the terms multiplied by>Qi, or 



202 



ALGEBRA. 



[CH V.III .^ I. 



Form of any Equation. 

by any power of ^fci^ and Q used to denote the remaining 
terms, the equation becpnaos 

Now the given equation is, by hypothesis, satisfied by the 
value of X. . 

or I . 

by which the preceding equation is reduced to 

Q = 0. 

The terms not multiplied by xi^J, or a power of a; f^^, must, 
therefore, cancel each other; and the first member of the 
given equation becomes . 

which is divisible bjSiii^J, or its equal x — M^ 

268. Corollary. The preceding division is easily effected 
by subtracting from the polynomial 

rC* -}* ^ ^** " ^ + ^ ^'^ ~^ 4" ^^" "1" "** 
the expression 

which does not affect its value, but brings it to the form 

of which each term is, by art. 49, divisible by x — a;'. The 
quotient is, by art. 50, 



-j-a 



,n— 9 



-- x'% 

--rt x' 

--6 



n — 3 _L r'3 



X' 

ax 



iQ 



A-bx' 
c 



X 



n-4 



-J-&.C. 



2(59. Corollary. The first term of the preceding quotient 
18 z""!; and if the coefficients of x^"^^ x^"^, &c., are 
denoted by a\ b\ &c., the quotient is 
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and the equation of art. 267, is 

(x — X') (x*-i 4- of x»-9 + b' 3^"'^ 4- &c.) = ; 
which is satisfied either by the value of x, 

X = a/, 
or by the roots of the equation 

xn-i -f a' x«"2+ i'aj^-s + &C. = 0. 

If now z"^ is one of the roots of this last equation, we 
have in the same way 

ajn-i _[. a/3jn-8^5j^c. = (x— ar")(a?""® + a"2*"' + &'C.) = 0, 

and the given equation becomes 

(x — x') (x — ar") (x»-9 + a" j:*-3 4.&;c.) = 0; 

which is satisfied by the value of x", 

a? = X" ; 

so that x" is a root of the given equation. 

By proceeding in this way to find the roots 3/'\ 
x^j &c., the given equation may be reduced to the 
form 

{x — 3^){x — 3/'){x — x"){x — x''')iC(^ = Q, 

in which the number of factors x — a/, a: — xf\ &c. 
is the same with the degree n of the given equation ; 
and, therefore, the number of roots of an equation is 
denoted by the degree of the equation ; that is, an 
equation of the third degree has three roots, one of 
the fourih degree has four roots, &c. But all these 
roots are not necessarily real or rational ; they may^ 
on the contrary^ be irrational or even imaginary, 

^ 270. Scholium. Some of the roots x', x", x"', &c., are 
often equal to each other, and in this case the number of 
unequal roots is less than the degree of the equation 
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Thus the number of unequal roots of the equation of the 

9th degree, 

(x _ 7) (a? + 4)3 (x — 1 )5 = 0, 

is but three, namely, 7, — 4, and 1, and yet it is to be re- 
garded as haying 9 roots, one equal to 7, three equal to — 4, 
and five equal to 1. 

271. Corollary. The equation 

ar* = a 
wouid appear to have but one root, that is, 

n 

x = /^ a; 

but it must, by art. 269, have n roots, or rather, the 
nth root of a must have n different values. 



272. EXAMPLES. 

1. Find the two roots of the equation 

x^ = 1. 

Ans. a; = 1 , or = — 1. 

2. Find the three roots of the equation 

X^=z 1. 

Solution. Since one root of this equation is 

a? = 1, 
the equation 

i3 _ 1 = 

roust be divisible by z — 1, and we have 

«3 _ 1 = (x — 1 ) ( 22 + jr -f 1 ) = 0. 

Now tne roots of the equation 

a;2 -|_a?4- 1 =0 
are 

x = i(-l + V-3), and=J(— l-v/— 3). 
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Hence the required roots are 

» = 1, = J(— H-V-3), and = J(— 1—^—3). 

3. Find the four roots of the equation 

x^= 1. 

Solution, The square root of this equation is 

a;2 = + J,or = — 1; 
so that the required roots are 

x = l, = — 1, = ^ — 1, and = — ^ — 1. 

4. Find the five roots of the equation 

x^ = 1. 

Solution. Since one root of this equation is 

x = l, 

the equation 

a;5 — I = 

must be divisible by x — 1, and we have 

0:5— l=(a: — l)(2;4-f.x3 + x2 + ar + l)=a 
Now the roots of the equation 

x4_j.ar3 + a;2-|-x-|-l =0 

can be found by the following peculiar process. 
Divide by x^, and we have 



i" + * + i + 4 + ;5 = 0- 



2 

X ' X' 



If we make 



we have 



and 






18 
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which, being substituted in the preceding equation, gives 

y2 + y — 1 = 0; 
the roots of which are 

y = J(— 1 + V^5), and=J(— 1-V5). 

But the values of x deduced from the equation 

I 

, 1 

or 

a?9 — y X = — 1, 
are 

^=J[y + \/(2^^-4)],and = J[y-V(y2-4)]. 
in which y, being substituted, gives 

x=i[-l-v5±\/(-10+2v5)], 
and = J[— 1— vSzfcVC— 10 + 2v5)]. 

5. Find the six roots of the equation 

x6= 1. 

Ans. x=l, =— 1, =J(— 1±\/ — 3), 

and = J(l=tV — 3). 

We might proceed in the same way to higher equations, 
such as the 8th, 9th, 12lh, &c. ; but, since much more 
simple solutions are given by the aid of trigonometry, this 
subject will be postponed to a *more advanced part of the 
course. , 

273. Corollary, Before proceeding farther, we 
may remark, that the method of solution used in the 
last example of the preceding article may be applied 
to any equation of an even degree, in which the 
successive coefficients of the different powers of x 
are the same, whether the equation is arranged ac- 
cording to the ascending or according to the descend- 
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iiig powers of x, scs is the case in the following equa- 
tion. 



274. EXAMPLES. 

1. Solve the equation 

Solution, Divide by x^, and we have 

and, if we make 
we have 

and 

^y2-|_By+C — 2i4=0; 

the roots of which are 

y A * 

which are to be substituted in the values of x, 

deduced from the equation 

,1 

2. Solve the equation 
26^3ip5_7a.4^6x3 — 7x2 + 3x + l=0. 
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Solution, Divide by jp, and we have 

and if we make 
we have 

•*'+i=y'-3(*+7) = y'-3y; 

and the equation becomes, by substitution, 

y3 + 3 y2 _ 10 y = 0. 
The roots of this equation are 

y 1= 0, = 2, and z= — 6 ; 
and, therefore, the values of x are 

2 =: ± >/ — 1, = 1, or = J (— 5 =fc V 21). 

3. Solve the equation 

Ans. z = dbl,or z=dbi\/(— 2±V3). 

4. Solve the equation 

2a:* — 3a:3 — i2 — 32+2 = 0. 

Ans, a? = 2, or = J, or = J( — 1±V^ — 3). 

275. Corollary, It follows, from art. 269, that an equa- 
tion of the second degree has two roots, both of which are 
given by the process of art.' 230 ; and if the equation is re- 
duced to the form 

ar^+aa? + 6 = 0, 

and the roots denoted by x' and x''^ we have 

x8 -j- a 2 -J- 6 = (a; — X') {x — x") = 0. 
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But the product (z- — x') {x — z") being arranged according 
to powers of x, is 

a;2 -^(x' + X") Z H- ^ *" ; 

which, being compared with its equal, 

«2 -|- a z -|- fe, 
gives 

— (ir' + X") = a, 

x' x" =1 h) 

that is, the coefficient of x is the negative of the sum 
qi the roots of equation, and the terra which does 
not contain x is the product ,of the roots. 

276. Corollary, If the roots of the general equation of 
the third deo^ree 

z34-aa?3-}-6z + c = 

are denoted by 

x', z", x!'>, 
we have 

ia+aa;2^fcj^c = (z— z')(a?— z")(x— 2'") = ^- 
But the product 

(z — X') (z — z") (z — «"') 

is, when arranged according to powers of z, 

a^— (z' + z"+ar'")z9 4-(z'z"f z'a;'"+a?"a?'")* — ^'*"^'"5 
whence, by comparison with the given equation, we have 

a z= — (a:' 4- z" + z'"), 
6 = z' a?" + z' z'" + z" z'", 
c = — x' X" X'" ; 

that is, the coefficient of t^ is the negative of the 
sum of the roots, the coefficient of x is the sum of 
the products of the roots multiplied together two 
and two, and the terrti which does not contain x is 
the negative of the continued product of the roots 

18* 
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277. Corollary, It may be shown in the same 
way that, in the equation 

the coefficient of a?*~^ is the negative of the sxim of 
the roots; the coefficient of x"^"^ is the sum of the 
products of the roots multiplied together two and two ; ' 
the coefficient of x^~^ is the negative of the sum of 
the products of the roots multiplied together three 
and three ; and so on, the last term, being the pro^ 
duct of the roots when n is even, and the negative 
of this product when n is odd. 



SECTION n. 

Equal Roots. 

278. Problem. To find the equal roots of an 
equation. 

Solution, Let x' be one of the equal roots which occurs 
n times as a root of the given equation, the first member of 
which is therefore divisible by {x — a:')*. If the quotient is 
a function of n denoted by X, tbe equation is, then, 

(x — x'Y jr = 0. 

The derivative of this first member is, as in art. 177, 

n (a? — T')~-i X+ {x — x'Y F, 

provided that Y is the derivative of X, The factor x — x' 
occurs, then, (n — 1) times in this derivative of the first 
member, that is, once less than in the first member itself. 
The greatest common divisor of \ the first member and its 
derivative must, therefore, consist of the factors (x — x') of 
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the first member, each being repeated once less than in the 
first member. No one of them is, then, a factor of the 
common divisor, unless it is more than once a factor of the 
first member, that is, unless it corresponds to one of the 
equal roots. 

The equal roots of an equation are, therefore^ ob- 
tained by finding the greatest common divisor of its 
first member and its derivative, and solving the 
equation obtained from putting this common divisor 
equal to zero, 

279. Corollary. The common divisor must, it- 
self, have equal roots, whenever a root is more than 
twice a root of the given equation. 



280. EXAMPLES. 

1. Find all the roots of the equation 

a;3 _ 7 a;2 ^ 16 2; _ 12 = 
which has equal roots. 

Solution, The derivative of this equation is 

3 x2 _ 14 -p ^ 16^ 

the greatest common divisor of which and the given first 
member is 

x — 2. 
The equation 

a> — 2 = 0, 

gives 

2 = 2. 

Now since the given equation has two roots equal to 2, it 
must be divisible b)r 
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and we have 

a^ — 72;2+16a? — 12=(2; — 2)2(2 — 3)=:0; 

whence 

x = S 

is the other root of the given equation. 

2. Find all the roots of the equation 

x7_9a:5_|.6 24^15x3— 12x2 — 72 + 6 = 
which has equal roots. 

Solution. The derivative of this equation is 

7 x« — 45 x^-}-. 24 x3 -j-45 x9 — 24 a: — 7, 

the greatest common divisor of which and the given equa- 
tion gives 

which is an equation of the third degree, and we may con- 
sider it as a new equation, the equal roots of which are to 
be found, if it has any. 

Now its derivative is 

3 ar* — 2 0? — 1, 

and the common divisor of this derivative and the first mem- 
ber gives 

X — 1 = 0, or a? = 1. 

Hence the first member of 

must be divisible by 

and we have indeed 

x^^a^^x+l=z(x—\)^(x + l) = 0. 
The equal roots of the given equation are, therefore, 

a? = 1, and = — 1 ; 
and its first member is divisible by 

(x _ 1)3 (a; + 1)2. 
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and is found by division to be 

(a; — 1)3 (a; + 1)2 (a^ + a? — 6). 

The remaining roots are, therefore, found from solving the 
quaoratic equation 

which gives 

a? = 2, or z= — 3. 

3. Find all the roots of the equation 

xiJ^Sa^ — 9x — 27=zO 

which has equal roots. 

Ans, a: = 3, or = — 3 

4. Find all the roots of the equation 

a3_i5aJi^75-c_ 125 = 

which has equal roots. 

Ans, X =z 5 

5. Find all the roots of the equation 

aj4 _ 9 a:3 ^ 29 a^ — 39 a? -f 1 8 = 

which has equal roots. 

Ans, a? = 1, or = 2, or = 3 

6. Find all the roots of the equation 

aj4_2a;3_59a^^60a; + 900 = 

which has equal roots. 

Ans. a?=6, or= — 6. 

7. Find all the roots of the equation 

aj4_6a3_8a? — 3 = 

which has equal roots. 

Ans. « = 3, or = — 1. 

8. Find all the roots of the equation 

a:^ 4- 12 a?3 + 54 ar^ + 108 a; + 81 = 

which has equal roots. 

Ans, a? = — 3. 
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9. Find all the roots of the equation 

a:5_2a?^ — 2r3+4a:2 + x — 2 = 

which has equal roots. 

Ans, a? = ± 1, or = 2. 

10. Find all the roots of the equation 

a:6_6ar4 4-4i3 + 9aj2— 12x4-4 = 

which has equal roots. 

Ans, a: = 1, or = — 2. 

11. Find the equal roots of the equation 
a8-8aj74.26««-45x»+45a?^-2laj3-10a!2+20x-8=0. 

Ans, a? = I, or = 2. 



SECTION in. 

Real Roots. 

281. Theorem. When an equation is reduced^ 
as in art 266, and the values of its first membery 
obtained by the substitution of two different numbers 
for its unknown quantity^ are affected by contrary 
signs, the given equation must have a real root com- 
frehended between these two numbers. 

Proof For, if the value of the less of the two numbers, 
which are substituted for the unknown quantity is supposed 
to be increased by imperceptible degrees until it attains the 
value of the greater number, the value of the firU member 
must likewise change by imperceptible degrees, and must 
pass through all the intermediate values between its two ex- 
treme values. But the extreme values are affected with op- 
posite signs, so that zero must be contained between them, 
and must be one of the values attained by the first member; 
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that is, there must be a number which, substituted in the 
first member, reduces it to zero, and this number is conse- 
quently a root of the given equation. 

282. Corollary, If the given equation has no real 
root, the value of its first member will always be af- 
fected by the sam^e sign^ whatever num,bers be sub- 
stitutedfor its unknown quantity, 

283. Theoi^em. When an uneven number of the 
real roots of an equation are comprehended between 
two numbers, the values of its first member obtained, 
by substituting these numbers for x, must be affected 
with contrary sigiis ; but if an even number of roots 
is contained between them>, the values obtained from 
this substitution must be affected with the same sign. 

Proof Denote by x', a?", x^" &c. all the roots of the 
given equation which are contained between the given num- 
bers p and q ; the first member of the given equation must, 
by art. 269, be divisible by 

(a? — x')(x — xf') {x — x"') &c. 

If we denote the quotient of this division by F, the equation 

F=0 

gives all the remaining roots of the given equation, so that 

r=o 

cannot have any real root contained between p and q. 

The given first member being, therefore, represented by 

{x-'X'){x — x"){x — xf") XY 

becomes 

{P — ^) {P — ^') {p — x'") X T', 

wnen we substitute p for sc, and denote the corresponding 
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value of Y by Y' ; and when we substitute q for x. and de- 
note the corresponding value of Y by Y", it becomes 

The quotient of these two results is 

{p — x').{p — X") {p — x'") Y' 

Iq — X') (q — X") (9 — x"0 Y"' 

which can be written 

p — jj p — x" p^x'" Y' 

Now since each of the roots x\ x", x'", &c., is included 
between p and q^ the numerator and denominator of each 
of the fractions 

q^x'* q — x"' q — x'*" '' 

must be affected with contrary signs, and therefore each of 
these fractions must be negative. 

But since Y* and Y" must, by art. 282, have the same 
sign, the fraction 

II 

Y" 

is positive. 

The product of all these fractions is therefore positive^ 
when the number of the fractions 

p — x' p — x'' - 
q — x** 5r — X''' ' 

is even, that is, when the number of the roots, x\ x", z'", 
&c., is even ; and this product is negative^ when the num- 
ber of these roots is uneven. The values which the given 
first member obtains by the substitution of p and q for x 
must, consequently, be affected with contrary signs in the 
latter case ; and with the same sign in the former case. 
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284. Theorem, Every equation of an uneven 
degree^ has at least one real root affected with a sign 
contrary to that of its last tei^n, and the number of 
all its roots is uneven. 

Proof, Let the equation be 

2» -j- a x*~i -j- &c. . . . -j- iw =z 0, 
in which n is uneven. 

First, to prove that there is a real root, and that the 
number of real roots is uneven. Every real root must be 
contained between -J- ^ ^"^ — ^* Now the substitution 
of 

a: = Qo, 

gives the value of the first member 

(X^-\- aOD**"^-!" ^QD'*"3-|-&c. . . . -|- "»; 
the first term of which is infinitely greater than any other 
term, or than the sum of all the other terms. The sign 
of this result is therefore the same as that of its first term, 
or positive. 

Again, the substitution of 

x=i — 00 
gives, since n is uneven, 

which may be shown by the above reasoning to be negative. 

The given equation must then, by art. 281, have at least 
one real root, and by art. 283, the number of its real roots 
must be uneven. 

Secondly, To prove that one, at least, of the real roots 

is affected with a contrary sign to that of the last term. 

The substitution of 

x = 0, 

reduces the given first member to its last term m. 

19 
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Comparing this with the above results, we see that, if m 
hpositioe, the given equation must, by art. 281, have a real 
root contained between and — oo, that is, a negative root; 
but if m is negative, there must be a real root contained 
between and -|- oo, that is, a positive root ; so that there 
must always be a root affected with a sign contrary to that 
of m, , 

285. Theorem. The number of real roots if 
there arc any, of an equation of an even degree 
must be even, and if the last term is negative, there 
must be at least two real roots, one positive and the 
other negative. 

Proof Let the equation be 

I* -j- a a:"-i + 6 2;»-2 + &c -f m = 0, 

in which n is even. 

First, To prove that the number of real roots is even. 

The substitution of 

x= CD 

gives for the value of the first member 

which is positive. 
The substitution of 

gives for the value of the first member 

QD" — ac3D*~^ + b co'^'"^ -^^ &c, . . , -{-wi, 

which is also positive. 

Hence, if the given equation has any real root, there 
must, by art. 283, be an even number of them. 

Secondly. To prove that when m is negative, there must 

be two real roots, the one positive, the other negative. The 

substitution of 

x = 
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reduces the given first member to its last term m, and this 
result is therefore negative in the present case. 

Comparing this with the above results, we see that there 
must be a real root between and -|- qd, and also one be- 
tween and — QD ; that is, the given equation has two real 
roots, the one positive and the other negative. 

286. Corollary. Since the number of real roots 
of an equation of an uneven degree is uneven, and 
that of an equation of an even degree is even, the 
number of imaginary roots of every equation^ which 
has imaginary roots, must be eve?i. 

287. Theorem, The 7iumber of real positive roots 
of an equation is even, when its last term is posi- 
tive ; and it is uneven, when the last term is nega^ 
tive. 

Proof. The substitution of 

ar =r GO 

gives, for the first member of the given equation, a positive 
result ; while the substitution of 

X = 

reduces the first'member to its last term. 

Hence if this last term is positive, the number of real 
roots contained betv^een and qd, that is, of positive roots, 
must, by art. 283, be even ; and if this last term is negative, 
the number of these roots must be uneven. 

288. Theorem. If a function vanishes, that is, 
is equal to zero for a given value x' of its variable 
X ; the function and its derivative m,ust have like 
signs for a value of thti variable which exceeds x' by 
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an infinitely small quantity^ and unlike signs for a 
value of the variable which is less than x' by an in- 
finitely small quantity. 

Proof, Let the given function be ti, and its derivate L/", 
and, as in art. 176, when the variable is increased by the 
infinitesimal i, the function becomes 

u-\-Ui. 

This value of the function, when 

MZ=0 

is reduced to Ui, which has, obviously, the same sign 
with U. 

In the same way when the variable is decreased by t, the 

function becomes 

u—Ui, 
which, when 

ti = 0, 

is reduced to — {7t, having the opposite sign to U. 

289. Definition. A pair of two successive signs 
in a row of signs, is called a permanence when the 
two signs are alike, and a variation when thay are 
unlike. 

290. Sturm^s Theorem, Denote the first member 
of the equation 

ar™ + a ar""^ + &c. = 

by u and its derivative by U, Find the greatest 
common divisor of u and U, and, in performing this 
process, let the several remainders which are of con- 
tinually decreasing dimensions in regard to ar, be de- 
noted, after reversing their signs, by 

U, IT, U'\ &c. 



r. 
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Find the row of signs corresponding to the vakies 
of 

w, u, u, rr, (fcc, 

for any value p of the variable, and also for a value 
q of the variable. 

The difference between the number of permanences 
of the first row of signs ^ and that of the second^ is 
exactly equal to the number of real roots of the given 
equation comprised between p and q. 

Proof, The method in which U\ U", &c., are obtained 
gives, at once, by denoting the successive quotients in ihe 
process by m, m\ &c. 

u =m U — U' 
.U =^m' U'— U" 
17'= m" U"-*^ U'" 
&c. 

First. Two successive terms of the series cannot vaiAbh 
at the same time, except for a value of x which is one of 
the equal roots of the given equation. For when U" and 
U"\ for instance, are zero, the equation 

U' = m U" — U'" 
gives 

U' = 0; 

and, in the same way, it is shown that 

U=iQ and m = 0, 

so that the function and the derivative are both zero at the 
same time, which, by art. 278, corresponds to the case of 
one of the equal roots of the equation. 

Secondly. If any term of the series, except the first oi 
last, has a different sign in the row corresponding to the 
value p of the variable from that which it has in the row 

19 • 
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corresponding to the value q of the variable, it must, by art. 
231, vanish for some value of the variable contained be- 
tween p and q. But for this value of the variable, the pre- 
ceding term must have a different sign from the succeeding 
term ; thus, when 

the equation 

17' = m" U" — U'" 
gives 

U'=i— U'", 

By the change of sign which the term undergoes in vanish- 
ing, therefore, it can only change from forming a perman- 
ence with one of its adjacent terms to forming one with the 
other of these terms, and the change of sign of a temif 
which is neither the first nor the last of the series , does not 
increase or diminish the number of permanences of the row 
of signs. 

Thirdly, When the first term u of the series, in chang- 
ing its sign, vanishes, while the second term U does not 
vanish, the corresponding value of the variable is, by art. 
278, a root of the equation which^is not one of the equal 
roots. . If, moreover, the variable is decreasing in value, the 
signs of these two terms constitute a permanence before the 
change and a variation after the change. When the vari- 
ablCf therefore, in decreasing passes through a value which is 
one of the unequal roots of the equation, the number of per- 
manences in the row of signs is inertased^y unity. 

Fourthly, When the given equation has no equal roots, 
u and U can, by art. 278, have no common divisor, and 
therefore the last term of the series will not contain the 
variable ; it must, therefore, be of a constant value and no 
change of sign can arise from it. In this case, then, the 
number of permanences must by the preceding division of the 
proof be grecUer in the row which corresponds to the greater 
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oj the two limits p and q, than in the row which corre^ 
sponds to the less of these tioo limits, by a number which is 
exactly equal to the number of real roots contained between 
p and q. 

Fifthly. When the given equation has equal roots, u and 
U must, by art. 278, have a common divisor which will be 
the last term of the series. This divisor must also, by art. 
59, be a divisor of all the other terms of the series ; and 
if the series is divided by it a new series 

», F, F', F'', &c., 

is obtained, which has in all cases either the same signs 
as the given series or the reverse signs, so that each pair 
of successive signs is of the same name, whether perma- 
nence or variation, in each series. And by dividing the 
equations before found by this same common divisor, they 

become 

V =im V — V 

F=w' F'— F" 

&,c. 

The first term of the new series has, by art. 278, the same 
roots with the given series except that it has no equal roots, 
and the last term is unity. The reasoning of the preceding 
portion of this article may, therefore, be applied to the* new 
series ; and it follows that the theorem is applicable to the 
case of an equation which has equal roots, as well as to one 
which has unequal roots. 

291. Corollary. If infinity is siibstituted for p 
and negative infinity for q in the series of divisors, 
the resulting rows of signs show at once the whole 
number of real roots of the given equation. 
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292. EXAMPLES. 

1. Find the number of real roots of the equation 

2 x4 — 20 a; -f 19 = 
and also the number contained between 1 and 2. 

SolutioHi In this case, we have 

M = 2 a?4 — 20 z + 19, 

U= 8x^ — 20; 

and by the method of the common divisor 



2 ar4 _ 20 a? + 19 
2z4_ Sx 



— 15 X 4- 19 



2a:3_5 

30 x^ — 75 

-f 30 x^ — 38 x2 



--38ar2 — 75 
— 570x2 __ 1125 

570x2 — 722 X 



722 X — 1 125 
10830 X — 16875 
10830 X — 13718 



2x« 



— 28x 



— 722 



— 3157 

27' = 15 X ^ 19 
V =3157. 
When, therefore, a? = oo the row of signs is 

+,+.+. + ; 

and when a? = — qd, it is 

there are then two real roots. 
Again when a? = 2, the row of signs is 

+.+.+. + ; 

and when x = 1, it is 

the two real roots are therefore both between 1 and % 
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Number of Real Roots. 



2. Find the number of real roots of the equation 

Solution. In this case, we have 

u =1 x^ -I- a X -^^ b 
C;- z= 3 2:9 + o 
IP =i—2ax — Sb 
17*'=: — 4a3 — 27 69 

First case. When a is such that U'* is negative, that is 
when 

-4a3<2769,or— 2V«3<i62,or(~la)3<(J6)9 

the row of signs when z = oo is 

-j-, -}-, T (the reverse of a), — ; 
and when x = — oo it is 

— , +» ± Oike a), — , 
80 that there is only one real root. 

The row of signs when a? = is, when b is positive, 

+, db (like a), — , — , 
80 that, in this case, the real root is negative. 
This row, when b is negative, is 

— , db (like a), +, — , 

so that, in this case, the real root is positive, which agrees 
with art. 284. 

Second case. When a is negative and of such a value that 

(i 6)= = - (i «)^ 
that is 

U'f = 0, 

in which case the equation has the equal root, obtained from 

the equation 

17' = — 2ax — 36 = 
or 

_ 36 
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and ill this case ibe row of signs when a? = qd is 
and that when x = — oo is 

- +.-; 

SO that the two different roots of the equation are, in this 
case, real. 

The row of signs when a? = is 

db (like 6), — , =F (unlike fc) ; 

so that one of the roots is positive and the other negative. 

Third case. When a is negative and of such a value that 
17" is positive or 

(- i «)' > (i bf 
in which case, the row of signs when a; = qd is 

and when x = — cD it is 

80 that all three of the roots of the equation are real. 

The row of signs when x = is 

db (like 6), -, =F (like b), -. 

If, then, b is positive the equation has one positive real rooi 
and two negative ones; and if 6 is negative, it has two posi- 
tive real roots and one negative one. 

3. Find the number of real roots of the equation 

x** + a = 0. 
Solution. In this case, we have 

u = x" -[" ^ 
U = n x*~^ 

U' = — a. 

First case. If n is even, the row of signs, when x = cjd 

is, then, 

+, +, ::p (unlike a) ; 



^ 
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when x = — 00 it is 

+1 — > T- (unlike a) ; 
so that there is no real root when a is positive, and two 
real roots when a is negative, which agrees with art. 285. 

Second case. If n is odd, the row of signs when a? = qd 
is 

+, +, =F (unlike a) ; 

when X = — qd it is 

— , +, =F (unlike a) ; 

so that, in either case, there is only one real root, which is, 
by art. 284, of a sign unlike that of a. 

4. Find the number of real roots of the equation 

a;* -f- a a; -|- 6 = 0. 

Solution, In this case, we have 

• u = x^ -{- a X -\- b, 
U =zn z**-! 4- a, 
U'-=---^{n — \)az — nhf 
U"=z—a^{n— |)«-i— «»(— 6)«-l. 

Pirst case. When n is even and greater than 2, and (7' 
positive, that is, when 6 is positive, and 



(^)"<c~o-. 



the row of signs when a: = oo is 

+, +, =F (unlike a), + ; 
when a? = — oo it is 

+, — , -h (like«), +; 

so that when n is positive, there is no real root, and when 
a is negative there are two real roots. In the. latter case, 
the row of signs when x = is 

+, -. - + ; 

80 that both the real roots are positive 
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in which case, the row of signs when jr = qd is 

+, +, T (unlike a), — ; 
when X =z — oo it is 

— , +, db (like a), — , 

so that there is only one real root, which, by art. 284, has 
1 sign contrary to that of its last term. 

4. Find the number of real roots of the equation 

x3 _ 6 a;2 _j. 19 a- _ 44 -- 0. 

Ans, It has one positive real root. 

5. Find the number of real roots of the equation 

a^ -_ 10 a:3 ^ 35 aJj _ 50 X -}- 24 = 0. 

Ans. It has four positive real rpots, 

6. Find the number of real roots of the equation 

a;4 ^ a,3 _ 24 a;2 4- 43 X — 21 = 0. 

^915. It has three positive real roots and one negative 

one. 

7. Find the number of real roots of the equation 

a;4 ^ 8 xS + 16 a: — 440 = 0. 
Ans. One positive root and one negative root. 

293. Sturm's theorem is perfect in always giving 
the number of real roots, but often requires so much 
labor, that theorems, which are much less perfect, 
may be used with great advantage. 

294. Stern^s Theorem. Denote the first member 
of the equation 

ar** + a j:""^ + &c. = 

by u and its first, second, &c. derivatives by Z7, U\ 
&c. 
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Find the row of signs corresponding to the values 
of 

for any varue jo of the variable, and also for a value 
q of the variable. 

The number of real roots of the equation^ com- 
piised between p and q, cannot be greater than the 
difference between the number of permanences of the 
first row of signs and that of the second row, 

Troof. First, II may be shown as in the third division 
of the proof of art. 290, that one permanence at least is 
always lost from the row of signs when the variable in de* 
creasing passes through a value which is one of the roofs of 
the equation. 

Secondly. When any term of the series except the first 
or the last, vanishes, it passes, by art. 288, with the de- 
creasing variable, from having the same sign with its deriv- 
ative, which is the next term of the series, to having the 
reverse sign of it. Even then, if it .had before the change 
the reverse sign of the preceding t^rm and after the change 
the same sign, it introduces a permanence which is only 
suflicieiit to take the place of the other permanence which 
is lost. The number of permanences of the row of signs is 
not, therefore, augmented by the vanishing of such an inter" 
mediate term. 

Thirdly, The last term of the series must be constant, 
for tlie number of dimensions is diminished by each deriva- 
tion ;. and, therefore, as x decreases from a value p to o, 
smaller value g, the number of permanences of the row of 
sigrns must be diminished by as large a number at least as 
the number of roots comprised between p and q. 
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295. Definition. An equation 

2-'* + aa:"-i +&C. +Ara;2 + Aa? + Z = 0. 

is said to be complete in its form, when it contains 
terms multiplied by every different power of x from 
the highest to unity, and also a constant term, such 
as Z. 

296. Descartes^ Theorem, A complete equation 
cannot have a greater number of positive roots than 
there are variations in the row of signs of its terms, 
nor a greater number of positive roots than there are 
permanences in this row of signs. 

Proof, If the equation is that of art. 295, the values of 
u, U, U\ &c. in art. 294, are 

u = a;'* + aa;'»-i + &c.4- Az9 + i5:x + / 
i;" = n z»-i + (» — 1) a2;^-2-)-&c. + 2 A x + it . 
l/''=fi(n-l)a?'*-2^(n— l)(w-2)a2«-3+&c.+2A 

&c. 

The row of signs when of = oo is 

+» +» +» +» +. ^c., 
consisting wholly of permanences. 
When X = — qd it is 

=t, =F, =t, =F, &c., 
in which the upper row of signs is used when n is even, 
and the lower row when n is odd. In either case, this row 
consists wholly of variations. "^ 

The row of signs when a; = is 

rb (like /), ± (like k), ± (like 2 h) 

that is, it is the same as the row of signs formed by the 
terms of the equation taken in the inverse order. 
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Zero substituted for a Term which is wanting. 

The limit of the number of positive roots is, therefore, by 
art. *2D4, equal to the excess of the whole number of pairs 
of successive signs of the terms, over the number of per- 
manences ; that is, it is equal to the number of variations ; 
and in the same way, the number of negative roots cannot 
exceed the number of permanences. 

297. Corollary. The whole number of successions of 
signs of an equation, that is, the sum of the permanences 
and variations, is one less than the number of terms, or the 
same as the degree of the equation, that is, the same as the 
number of roots. 

If, therefore, all the roots are real, the number of 
positive roots must be the same as the mimber of 
variations, and the number of negative roots must bo 
the same as the number of permanences. 

298. Scholium, Whenever a term is wanting in 
an equation, its place may be supplied by zero, and 
either sign may be prefixed. 

299. Corollary, When the substitution of -}- 
for a term which is wanting gives a diflFerent num- 
ber of permanences from that which is obtained by 
the substitution of — 0, and consequently a differ- 
ent number of variations also, the equation must 
have imaginary roots. 

300. Theorem. When the sign of the term which 
precedes a deficient term is the same with that whici 
follows it, the equatioji must have imaginary rootf , 

Proof. For if the terms which precede and follow (he 
deficient term are both positive^ the substitution of -[- 
gives two permanences ; while the substitution of — f gives 

20» 
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two variations. The reverse is the case when both these 
terms are negative. The equation must, therefore, in either 
case, have imaginary roots. 

301. Theorem. When two or more successive 
terms of an equation are wanting^ the equation 
must have imaginary roots. 

Proof, For the second deficient term may be supplied 
with zero affected by the same sign as that of the term pre- 
ceding the deficient terms; and the first deficient term is 
then preceded and followed by terms having the same sign, 
so that there must, by the preceding article, be imaginary 
roots. 

302. Theorem,. When an uneven number (m) 
of successive term^s is wanting in an equation, the 
number of imaginary roots must be at least as great 
as (tti -j- 1)) if ^he term preceding the deficient 
terms has the same sign with the term following 
them* ; and the number of imaginary roots must be 
at least as great as {m — l), «/ the term, preceding 
the deficient terms has the reverse sign of the term 
following them. 

Proof First. If the sign of the term preceding the de- 
ficient terms is the same with the sign of .the term following 
them ; supply the place of each deficient term with zero 
affected by this same sign. All the (m -j- 1) successions, 
dependent upon the deficient terms, must in this case be 
permanences. But if the sign of every other zero beginning 
with the first is reversed, namely, of the first, third, fifth, 
&c., all these permanences are changed into variations ; so 
that (m -f- 1) roots can be neither positive nor negative, and 
are, consequently, imaginary 
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Secondly, If the sign of the term preceding the deficient 
terms is the reverse of the sign of l^he term following them ; 
supply the place of the two last deficient terms with zero 
affected by the same sign as that of the term preceding the 
deficient terms. This case becomes the same as the pre- 
ceding with (wi — 2) deficient terms, and there must there- 
fore be [m — 1) imaginary roots. . 

303. Theorem, When an even number of suo 
cessive terms is wanting in an equation, the number 
of itnaginary roots must be at least as great as the 
number of these deficient terms. 

Proof, Let the place of the first deficient term be sup- 
plied by zero affected with the same sign as that of the term 
which follows the deficient terms. • • 

The number of deficient terms is thus reduced to the 
uneven number m — 1 ; and, as the term preceding the 
deficient terms is now gf the same sign with that of the 
term following them, the number of imaginary roots of the 
equation must, by the preceding article, be at least as great 

as 

{m — 1 ) -j- 1 = ?/i. 

304. A number, which is greater than the greatest 
of the positive roots of an equation, is called a su- 
perior limit of the positive roots ; and one, which is 
less than the least of the positive roots, is called afi 
inferior limit of the positive roots. 

In the same way, a superior limit of the negative 
roots is a number which, neglecting the signs, is 
greater than the greatest negative root ; and an infe- 
rior limit of the negative roots is a number which is 
less thjin the least negative root. 
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305. Problem. To find a superior limit of the 
positive roots. 

Solution, The sum of all the negative terms being equal 
to the sum of all the positive terms, must exceed each 
positive term. Let, then, — jSi be the greatest negative co- 
efficient of the equation of the nth degree, and m the ex- 
ponent of the highest n^ative term ; the sum of the nega- 
tive terms, neglecting their signs, must evidently be less 
than that of the series 

for each term of this series is greater than the correspond- 
ing negative term of the equation. 

But this series is a geometrical progression of which S 
is tl^ first term, Sx^ the last term, and x the ratio ; so that 
its sum is, by example 3, of art. 261, 

x — l ' 
and must be greater than any positive term, as x^, or 

^Sx'^+^ — S ^ Sx^ + ^ 

^ X — 1 ^x — 1 
Fie nee 

or 

But, since 

a? — 1 <x and (x — l)**""*-! <a:'»-«-i, 
we must have 

{x — !)»-« < (x — 1) «'»-"»- ^<CS; 
and, therefore, 

n— m 
X - 1 < ^ 5, 

or 

n — m 
X < 1 + y/ S. 
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If we, then, denote by L this superior Mmit of the positive 
roots, we have 

L=z 1 + ^^; 

that is, a superior limit of the positive roots is unity ^ 
increased by that root of the greatest negative coeffi- 
cient, whose index is equai to the excess of the degree 
of the equation above the exponent of the first nega- 
tive term. 



306. Problem. To find an inferior limit of the 
positive roots. 

Solution. Substitute in the given equation for Xy the 

value 

1 

y 

and find, by the preceding article, a superior limit of the 
positive values of y, after the equation is reduced to the 
usual form ; and denote this limit by L'. 

We have, then, 
and, therefore, 

y ^i" 

or 

1 . . • . . 

so that y- is an inferior limit of the positive roots.of the 

given equation. 

307. Problem. To find the limits of the negative 
roots of an equation^ 

Solution, Substitute for x 

• X = — y, 

1^ 
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and the positive roots of the equation thus formed are the 
negative roots of the given equation ; and, therefore, the 
limits of its positive roots become, by changing their signs, 
tlie required limits. 

308. Corollary. By the substitution of different 
numbers for p and q^ in arts. 290 or 294, the limits 
between which each root is obtained can be narrowed 
to any extent which may be desired, imtil they may 
be adopted as the first approximations to the roots in 
the method of art. 179. Thus, it is easy to obtain 
the first left hand significant figure. 



309. EXAMPLES. 

1. Find the lefl hand significant figure of the real roots 

of the equation . 

5a:3_6a,^2--0. 

Solution, First In this case, 6 is the greatest negative 

coefficient and — 6 a: is the first negative term, so that, by 

art. 305, 

1 + V' 6 = 3-5 

is a superior limit of the positive roots. 

To find the limit of the negative roots, let 

and the equation becomes, by reversing its signs, 

5y3_6y__2^0; 
so that 

-(l+V6) = -3-5 

is the superior limit of the negative roots, and the roots are 
all contained between 4 and — 4. « 
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Secondly, Sturm's theorem gives 

u =5x^ — 6a?-J-2 . 
U = 15 a:2 _ 6 

I/' = 2 a? — 1 

BO that the row of signs when a? = 4 is 
when a? = — 4 it is 

, -.+.-.+; 

80 that the equation has three real roots. 
The row of signs when a; zn is 

+. - -> +•; 

80 that two of the roots are positive and one is negative. 

The substitution of positive integers, gives for the rows 
of signs when a; = 1 

+.+.+. + ; 

so that both the positive roots are contained between 
and I. 

The substitution of the positive decimals 0-1, 0*2, 0*3, 
&bG,, gives the following rows of signs. 

a? = 0-1 
a? = 02 
a? = 03 
a? = 04 
a? = 05 
z = 0-6 
ar = 0-7 
ar = 0-8 
X = 0-9 + 

so that one real root is contained between 0*3 and 0*4, and 
the other between 0*8 and 9 ; their first approximate val 
ues are, then, 0*3 and 0-8. 

The substitution of the negative integers gives, in th« 
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same way — 1, for an approximate value of the negative 
root 

2. Find the left hand significant figures of the roots of 

^he equation 

a;4 4- 8 ar^ + 16 a: — 440 = 0. 

Ans. 3 and — 4. 

3. Find the first approximation to the roots of the equa^ 

tion 

a;5_i5a^-|- 132ar^ + 36a? + 396 = 0. 

Ans, 1, — 1, — 5. 

4. Find, by Stern's theorem, the greatest possible num- 
ber of real roots which the equation 

a.io_iOaj8 — i^ + a;— 11 = 
can have between + 1 and — 1. 

Glutton. In this case we have, by art. 294, 

u =a;iO — 10 a:8 — a;* + a? — 11 

U = 10 a;9 — 80 x7 — 4 0^3 ^ 1 

U' = 90 a?8 — 560 x^ — 12 x^ 
U" = 720 tr^ _ 3360 x^ — 2ix 
U'" = 5040 a?« — 16800 x^ — 24 
U^ = 30240 a:5 — 67200 a^ 
U^ = 151200 a^ — 201000 x« 
JT'vi z=z 604800 x^ — 403200 x 
t/^vii = 1814600 a^ — 403200 
J7VI" = 362800 X 
U'^ = 3628800 ; 

the row of signs when a: = 1 is 

— t — > — » — > — » — > — > "r» "vf "T"* I • 
when X z=z — 1 it is 

— > +» — 9 +> — f "r> — » — » ~r» > + > 
80 that the number of these roots cannot exceed 8. 



CH. VIII. ^ III.] REAL ROOTS. 241 

Integral Root. 

Again, when x is infinitely little greater than zero, for 
which value some of the differential coefBcients vanish, the 
row of signs is 

""> "i » "~~' ■""> ~~> """> "~"» 9 "T"» *~" > 
so that there cannot he more than three roots between 
and 1 ; and since the sign of the first term is the same 
when 2; = 0, that it is when 2=1, there cannot, by art. 
283, be an odd number of real roots between and 1, and 
consequently there cannot be more than 2. The row of 
signs when x is less than zero by an infinitesimal is 

> "T~> > ~r~i i I * ~T~> > — » "T" » 
so that there can be no real root between and — 1. 

5. Find, by Stern*s and Descartes' theorems, the greatest 
possible number of real roots of the equation 

a;6 _ 5 a?4 ^ x3 — a^ — 1 = 0. 

comprised between and 1. 

Arts. 2. 

310. A Commensurable Root is a real root, which 
can be exactly expressed by whole numbers or frac- 
tions. 

311. Problem. To find the commensurable roots 
of the equation 

ar" + a ar** "^ -{- 6 ar'^-s _|_ ^c .f Z ar + w = 0, 

in which a, b, ^c. are all integers, either positive or 
negative. 

Solution. Let one of the commensurable roots be, when 
reduced to its lowest terms, 

p 
« = — -. 

21 



242 ALGEBRA. [CB. YIII. ^ III. 

Method of finding Integral Roots. 

As this root must verify the given equation, we have 
?! 4. a ?—l J- b ^^ + &c. + w = ; 
whence, multiplying by g'*"^, and transposing, we obtain 

— = — ap""! — 6p"""2g^ — dz>c. . . . — mgr*-i; 

and, therefore, as the second member is integral, the first 
member must also be integral, or we must have 

9 = 1. 

whence 

x = p; 

that is, every commensurable root of the given equa- 
tion must be an integer. 

Again, the substitution of 

x=p, 

in the given equation, produces 

p«-}.a|)*-i-f-&c \'kp^'{'lp-]'m=:0; 

whence, dividing by p, and transposing, we obtain 

— = — I — kp — &c. . . . — ap*~* — p«"-i ; 

and, therefore, as the second member is integral, the first 
member must be so likewise ; that is, every integral root 
must be a divisor of m. 

If, now, we denote by w, 

P ' 
the preceding equation gives, by transposing and dividing 

by p, 

m' 

— == — k — ip — hp^ — gpl^-'^Lc. — ap'^^^ — jp*""*. 

so that this integral root must likewise be a divisor of m' 
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In the same way, if we use m"y m'", m^^, &c. as follou 



m" = 


P 


+ k, 


!»"' = 


P 


+ »•> 


^IV —- 


P 


+ A. 


&c. 


, &c. ; 



/Ai5 integral root must he a divisor of m", m'", m'^, &c- » 
and the last condition to be satisfied is 

jyifn-i] -|- p zz: 0, or mf**"!! = — 2?. 

Hence to find all the commensurate roots of the given 
equationy write in the same horizontal line all the integral 
divisors of m, which are contained between the extreme limits 
of the roots. 

Write below these divisors all the corresponding values of 
m', m", S^c, which are integral, remembering that a divisor 
cannot be a root, when the value which it gives for either 
m', m", ra'", 4'^., is fractional. 

Proceed in this way till the values ofm^^."^^ are obtained, 
and those divisors only are roots which give — p for the 
value of this quantity. 



312. EXAMPLES. 

1. Find the commensurable roots of the equation 
i5_ 19 x3 ^ 34 a;2^ 12 a;_40 = 0. 

Solution, The extreme limits of the real roots are +7*4, 
and — G'9. Hence we have 
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k 




m 


-40; 








P = 


5.4, 


2. 1, — 1. — 2, - 


-4, 


— 5; 


m' = 


4.2, 


— 8,-28, 52, 32, 


22, 


, 20: 


m" = 


» 9 


30, 6, —18. 18, 


i 


► 30; 


m"' = 


9 1 


- 4, - 13, - 1, -28, 


i 


► —25; 


m^=z 


9 9 


-2.-13, 1, 14, 


■ 


5; 



and, therefore, 2, — 1, and — 5 are roots of the given 
equation, and its first member, divided by the factor 

(x — 2)(ar+l)(x + 5) = a;3+ 4 x2 — 7 z — 10, 

gives the quotient 

x2 — 4x + 4; 

and, therefore, the remaining roots are those of the equation 

which are equal to each other, and each is 

x = 2. 

2. Find the commensurable roots of the equation 
a«_3 27_iOx«— 2x4+6x3 -{-21ar*2— 3 X— 10=0. 

I 

Ans, 5, 1, — 1, and — 2. 

3. ^ind all the roots of the equation 

a;4 + x3 — 24x2 + 43* 21 = 
which has commensurable roots. 

4ns, 1,3, — J±J^/53. 

4. Find all the roots of the equation 

23_6a?2 + 19a: — 44 = 
which has a commensurable root. 

Ans. 4, and 1 ± \/ — 10. 

5. Find all the roots of the equation 

x4_i0x3 + 35x2 — 50x + 24 = 

which has commensurable roots. 

Ans. 1,2, 3, 4» 
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J , ,__m ■__-■ I II " * 

6. Find all the roots of the equation 

25_3aj4_82;3^24y2_92;^27 = 
which has commensurable and equal roots. 

Ans. 3, — 3, and ± v^ — J 

7. Find all the roots of the equation 

a^_23x4 — 48 2)3+95 a;2+400a:+375=0 
which has commensurable and also equal roots. 

Ans. 3, 5, and — 2 ± \/ — 1. 

313. Problem. To find the com/mensurable roots 
of an equation. 

Solution. Reduce the equation to the form 

^ x» + JB x*- 1 + &c + £, a? + iH = 0, 

in which A, B, &c., are ail integers, either positive or 
negative. 

Substitute for x the value 

X- ^, 

and the equation becomes 

which, multiplied by ^4*""^, is 
y"+jBy''-i+ilCy'»-2+&c....+^«-2Xy-f-^n-i;^/^0. 

The commefisurable roots of this equation may be 
found, as in the preceding article, and being divided 
by A, will give the commensurable roots of the re- 
quired equation. 

314. Scholium. The substitution of 



""- A 



21 • 
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is not always the one which leads to^the most simple 
result. But when A has two or more equal factors, 
it is ofjten the case that the substitution 

y 

leads to an equation of the desired form, -4' being 
llie product of the prime factors of il,*and eacJi fac- 
tor need scarcely ever be repeated more than once. 



315. EXAMPLES. 

1. Find the commensurable roots of the eqaation 

64a;* — 328x3 + 574x9 — 393z-|- 90 = 0. 

Solution, We have, in this case, 

il = 64=26; 

hence we may take A' equal to some power of 2 ; and it is 

easily seen that the third power will do, so that we may 

make 

x = Jy. 

Hence the given equation becomes 

y4 _ 41 y3 + 574 j^2 _ 3144 y _|. 5760 = 0. 

The commensurable roots of which are found, as in art 

311, to be 

y = 4, 6, 15, and 16 ; 

80 that the roots of the given equation are 

2. Find the commensurable roots of the equation 

8*3 + 34x2 — 79 ar +30 = 0. 

Ans. J, |-, and — 6 
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3. Find the commensurable roots of the equation 

24 x3 — 26 x2 + 9 a? — 1 = 0. 

Ans. \^ \y and \. 

4. Find the commensurable roots of the equation 

3x3— 14 0:2 ^21 a; _ 10 = 0. 

Ans, 1, ^, and 2. 

• 

5. Find the commensurable roots of the equation 

8x4 _38aj3 _|. 49a.2_22a: + 3 == 0. 

Ans. J, J, 1, and 3. 

6. Find all the roots of the equation 

6 a:3 + 7 a;2 ^ 39 a- ^ 63 = 
which has a commensurable root. 

Ans, — f , and ^db^^ — 251. 

7. Find the commensurable roots of the equation 
9x« + 30x5 + 22x4 + l0x3 + 17x2— 20a? + 4 = 0. 

Ans. I and — 2. 
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CHAPTER IX. 

CONTIJNUED FRACTIONS. 

316. A continued fraction is one whose numeratoi 
is unity, and its denominator an integer increased by 
a fraction, whose numerator is likewise unity, and 
which may be a continued fraction. 

Thus, 

aod 



r ^ ,1 

* 6 + i— J 



are continued fractions. 

317. Problem. To find the value of a continued 
fraction which is composed of a finite number of 
fractions. 

Solution, Let the given fraction be 

1 



6+1 



« + > 



d 
Beginning with the last fraction, we have successively 

^ d d 



. 1 cd + \ 
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1 crf+1 cd-^l 



1 _ acZ(6c+l)-f a64-c</4-l 

""^ 1 - (6c+l)rf+6 

6 + 1 



'+d 



{hc+l)d'\-h 



1 ad(6c+l)+a6+cc? + l 

c+i (a6+l)c</ + ad + a6 + l ' 
and this method can easily be applied in any other case. 



318. EXAMPLES. 

1. Find the value of the continued fraction 

1 



i 

• 3 + j 

* Ans. ^ 

2. Find the value of the continued fraction 

1 

^ Ans, tfty. 
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319. Problem. To find the value of an infinite 
continued fraction. 

Solution. Let the fraction be 






c -|-&c. 

An approximate value of this fraction is obviously 
obtained by omitting all its terms beyond any as- 
sumed fraction^ and obtaining the value of the re* 
suiting fraction^ as in the previous article. 



Thus we obtain, successively, 

a a 

1 b 



1st approx. value. 



2d approx. value. 



. 1 ab + l 

1 _ bc+\ 

1 ■" (a6+l)c+a 

^i 1 &c., dtc. 



3d approx. value. 






o 



and each of these values is easily shown to be more accu- 
rate than the preceding ; for the second value is what the 
first becomes by substituting, for the denominator a, the 

more accurate denominator a 4- -p; the third is what the 

6 

second becomes by substituting, for the denominator &, the 
more accurate denominator b -\ ; and so on. 
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Approximate Values of Continued Fractions. 

320. Theorem. The iiumerator of any approxi- 
mate value, as the nth, is obtained from the nume* 
rators of the two preceding approximate valuer, the 
{n — l)st, and the (71 — 2)nd, by multiplying the 
(n — l)st nutnerator by the nth denominator con- 
tained in the given continued fraction, and adding 
to the result the numerator of the (n — 2)7id ap^ 
proximate value. 

The denominator of the nth approximate value is 
obtained in the same way from the two preceding 
denominators. 

Demonstration. Let the (n — 3)rd, (w — 2)nd, (n — l)st, 
and nth approximate values be, respectively, 

E. Il ^ A ^ 

and let the {n — l)st and the nth denominators, contained 
in the given continued fraction, be p and g. 

We shall suppose the proposition demonstrated for the 
(n — l)st approximate value, and shall prove that it can 
thence be continued to the nth value ; that is, we shall sup- 
pose it proved that 

M__ pL -{- K 

W^ pL'+~K' 

Now it is plain, from the remarks at the end of the preced- 
ing article, that the nth value is deduced from -the (n — l)si, 

by changing p into p -\ ; which change, being made in 

the preceding value, gives 

N _ {p + ^)^ + ^ _ {pL + K)q-\-L 
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Hence we have, by substituting 

M =p L +/r, 

that is, the value required to satisfy the theorem. 

If, therefore, it can be shown that the proposition is true 
for any approximate v^ue, it follows that it must be true for 
every succeeding value. But the comparison of the values 
given in the preceding article shows that it is true for the 
third value, and therefore for every succeeding value. 

321. Theoretn. If two succeeding approximate 
values are reduced to a common denominator equal 
to the product of their denominators^ the difference 
of their numerators is unity. 

Demonstration, Let the {n — 2)nd, (n — l)st, and ntb 
approximate values be 

L' M'' N' " M'q + L'' 

the difference between the (n — 2)nd and (n — l}st is 

LM -^L'M 

^ L' M' ' 

and that between the (n — l)st and nth is 

M' N—MN' _ {MM'—MM')q + ATL--MTJ 
^ M' N' '^ M- N' 

_ LM' — L'M 

^^ M'N' ' 

of both which differences the numerators are the same; 
and, therefore, this is always the case. 



J 
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Now the first and second approximate values, as given in 
art. 319, are, when reduced to a common denominator, 

a{ab+l) a{ab + l)' 

the difference of the numerators of which is 1 ; and, there- 
fore, unity must always be the difference of two such nu- 
merators. 

322. Theorem. The approximate values of a con- 
inued fraction are alternately larger and smaller 
•han its true value, the first being larger, the second 
smaller, and so on alternately. 

Demonstration. Since, in the preceding demonstration, 
the subtraction of the (« — l)st value from the (» — 2)nd, 
gave a fraction having the same numerator as that obtained, 
by its subtraction from the /ith ; we see that if the (» — 1 )st 
value is larger than the {n — 2)nd, it must also be larger 
than the nth ; and if the (n — l)st is smaller than the 
{n — 2)nd, it is also smaller than the nth. 

But the true value is, by art, 319, nearer the (n — l)st value 
than the (n — 2)nd, and nearer the nth than the (n — l)st; 
so that when the (n — l)st value is larger than the (n — ^2)nd, 
the true value must likewise be larger than the (n — 2)nd, 
and smaller than the (n — l)st, and so on alternately ; but 
when the (n-^l)st value is smaller than the (n — 2)nd, the 
true value must be smaller than the (n — 2)nd, and larger 
than the (n — l)st, and so on alternately. 

Now the first value is, by the preceding article, larger 
than the second, and therefore the true value is smaller than 
the first, larger than the second, and so on alternately. 

323. Theorem. Each approximate value of a 
continued fraction differs from the true value by a 

22 
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quantity less than the fraction whose numerator is 
unity, and whose denominator is the square of thi 
denominator of this approximate value. 

Demonstration. Let the denominator of the two succes 

sive approximate values be ilf' and N* ; N* must, by art. 

320, be larger than M' ; and the difference between these 

two values must be 

1 

But, by the preceding article, the true value is contained 
between these two approximate values, and therefore differs 
from either of them by a quantity less than their difference 

Now, since 
we have 
and 



so that the true value must differ from the approximate 
value, whose denominator is M', by a quantity less than 

1 

if' a* 

that is, less than a fraction whose numerator is 1, and de- 
nominator jM'2. 

324. Problem. To transform any quantity into 
a continued fraction. 

Solution. Let X be the quantity to be trans- 
formed. Find the greatest integer contained in X, 
and denote it by A, and denote the excess of X above 

A. by the fraction —j ; and we have 

X 
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-4 + ^ = -X, 

and 



X—A' 



From this vahie of x', find the greatest integer con* 
tained in x\ and denote it by a, and the excess of x* 

above a 6y ~ ; whence 

X 

^ L_ 

X — a 

from which the greatest integer contained in x" i$ 
to be found, and so on ; so that we have 



a'+&c- 

325. EXAMPLE. 

Transform |f^ into a continued fraction. 

Solution, We have, in this case, successively, 

A =2; 

a = 1 ; 

a/' = w» 

a' =2; 

X'" = If, 
a" =zl; 
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and the required continued fraction is 

'+ — r 

2 + — f 
^+87- 

326. Corollary. The values of a', a", ^^c, in the 
case of a vulgar fraction, are evidently the quotients 
which would be obtained by the process of finding" 
the greatest common divisor of the numerator and 
denominator of x'. 

The preceding process might therefore be performed as 

follows : 

263|351|l = a 
263 



88126312 = a' 
176 

87|88|l = a" 
87 

1187187 = 0"' 
87 

0* 

327. Corollary. If a fraction or ratio is trans-- 
formed into a continued fraction by the preceding 
process, the approximate values of this continued 
fraction are also approxim,ate values of the given 
fraction or ratio, which are often of great practical 
use. 

Thus the approximate values of §f{^, are 

2, 3, 1, V ; 

of which the last differs from the true value by only ^J^^ 
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328. EXAMPLES. 

1. Find approximate values of the fraction ^||^. 

^ris. i, If, f ^, and Jif 

2. Find approximate values of the fraction y|f|x' 

Ans, 2\ri ifV» ^V» TtH- utt%» and ^^. 

3. Find approximate values of the fraction ^/sVbWV 

4. Find approximate values of the fraction 0-245. 

Ans. ^ and j-} 

5. Find approximate values of the fraction 1*27. 

^W5. i f, i^, 51. and If 

6. The lunar month consists of 27*321661 days. Find 
approximate values for this time. 

Ans. 27, Vi'W* ^Wy^. ^®- days, which show that 
the moon revolves about 3 times in 82 days; or with 
greater accuracy, 28 times in 765 days; and with still 
more accuracy, 143 times in 3907 days. 

7. The sidereal revolution of Mercury is 87*969255 days. 
Find approximate values for this time. 

Ans. 88, m^, &c. 

8. The sidereal revolution of Venus is 224700817 days. 
Find approximate values for this time. 

Ans. 225, ^^, up, af^, m^, &c. 

9. The ratio of the circumference of a circle to its 
diameter is 3*1415926535. Find approximate values for 
this ratio. 

• Ans, 3, V, m. Ml ^^ 
22* 
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329. Corollary. The process of art. 324 may be 
applied to finding the real roots of an equation^ the 
approximate values of which, obtained by this prO' 
oess* can easily be reduced to decimals. 



330. EXAMPLES. 

1. Find the real root of the equation 

a:3_3x — 8 = 0. 

Solution. We have, in this case, 

il = 2, 

and if we substitute 

in the given equation, we obtain 

6«'3_9aj/s_6a/-.l = 0, 

whence we have 

a = 2; 

and the substitution of 

gives 

«"» — 30x"« — 27ar" — 6 = 0; 

whence we have 

a' = 82, 

and so on. 

The approximate values of x are, therefore, 
2, 2J = 2-5, 2|| = 2-492, &c. 

2. Find the real root of the equation 

a:3 _ 12 a? — 28 = 0. 

-4715. X = 4-30213. 
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3. Find the real root of the equation 

x3 — 12 r^ + 57 a? — 94 = 0. 

Ans. X = 3-36216. 

3?1. Corollary. If the given equation is a hino* 
mial one, as in art, 223, we can obtain, by this pro* 
cess, a root of any degree whatever. 



332. EXAJVIPLES. 

1. Extract the square root of 5 by means of continued 
fractions. 

Solution, Representing this root by a?, we have 

a?2=5, 
whence 

A = 2; 

and the substitution of 

gives 

aj/2_4ay/_l = 0; 

whence we have 

a = 4; 

and the substitution of 

jr/ = 4 + — 

gives 

which, being precisely the same with the equation for a/, 
we may conclude that 

4 = fl = a' = a" = a'" z= &c. 
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and the approximating values are 

and the value in decimals is 

2-23606. 

2. Extract the third root of 46 by means of continued 

fractions. 

Ans, 3-58305. 

3. Extract the third root of 35 by means of continued 

fractions. 

Ans. 3 271. 

4. Extract the square root of 2 by means of continued 

fractions. 

Ans. 1-414213& 
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SECTION I. 

EXPONENTIAL EQUATIONS 

1. An Exponential Equation is one in which the 
unknown quantity occurs as an exponent. 

2. Problem. To solve the exponential equation 

b' = m. 

Solution. This equation is readily solved by 
means of continued fractions, as explained in Alg. 
art. 324. 

3. EXAMPLES. 

1. Solve the equation 

3' = 100. 

Solution, Since we have 

3* = 81, 
and 

35 = 243, 
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the greatest integer contained in x must be 4. Substituting 
then 



we have 



or 



and 



x = 4 + i, 



3^^''= 100, 

S^a-'zzSl X 3*'= 100; 

3^= \p^; 



which being raised to the power denoted bj x', is 

By raising *^^ to different powers, the greatest integer 
contained in x' is found to be 5. Substituting then 

we have 

' 4.i- • 

„ /100\*"^«" /100\ » /lOOX^' 



or 



10000000000 /100\^' 



3486784401 



Hence 



( 



10460353203 



\x" __ 100 



7 "" 81* 

from which the greatest integer contained in op" is found to 
be 4 ; and in the same way we might continue the process 

The approximate values of x are, then, 

4, 4i, 4^, = 4-19, &c. 
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2. Find an approximate value for x, in the equation 

3« = 15. 

Ans, x = 2*46. 

3 Find an approximate value for x, in the equation 

10* = 3. 

Ans, X = 0-477. 

4. Find an approximate value for x, in the equation 

Ans. X s= 0*53. 

4. Corollary, Whenever the values of b and m are both 
larger or both smaller than unity, the value of x is positive. 
But when one of them is larger than unity while the other 
is smaller, the value of x Siust be negative ; for the positive 
power of a quantity larger than unity must be larger than 
unity, and the positive power of a quantity smaller than 
unity is smaller than unity ; whereas the negative power, 
being the reciprocal of the corresponding positive power, 
must be greater than unity, when the positive power is less 
than unity, and the reverse. 

Hence to solve the equation 

in which one of the quantities, b and m, is greater 

than unity, while the other is smaller than unity 

make 

x = — y, 
which gives 

or 



b y = m, 



which may be solved as in the preceding article. 

23 
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5. EXAMPLES. 

1. Solve by approximation the equation 

6' = f. 



Ans. X = — 0*25 



2. Solve by approximation the equation 

2* = i. 



Ans, ap = — 1-58. 



SECTION n. 

NATURE AND PROPERTIES OF LOGARTrHMa 

6. The root of the equation > 

is called the logarithm of m ; and since, by the pre- 
ceding section, this root can be found for any vahie 
which m may have, it follows that every number 
has a logarithm. The logarithm of a number is 
usually denoted by log. before it, or simply by the 
letter l. 

7. But the value of the logarithm varies with the 
value of 6, and therefore the value of 6, which is 
called the base of the system of logarithms, is gf 
great importance ; and the logarithm of a number 
may be defined as the exponent of the power to which 
the base of the system must be raised in order to 
produce this^ number. 
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, Lognrithm of Product and of Power. 

8. Corollary. When the base is less than unity, it 
follows, from art. 3, that the logarithms of all num- 
bers greater than unity are negative, while those of 
all numbers less than unity are positive. 

' But when, as is almost always the case, the base 
is greater than unity ^ the logarithms of all numbers 
greater than unity are positive, while those of all 
numbers less than unity are negative. 

9. Corollary. Since 

it follows, that the logarithm of unity is zero in all 
systems. 

10. Theorem. The sums of the logarithms of 
several numbers is the logarithm of their continued 
product. 

Proof. Let the numbers be jw, m', to", &c., and let b be 
the base of the system ; we have then 

b '"'f- "^"z^ to", &c. ; 
the product of which is, by art. 28, 

5 log. m + lojr. m/ + log. m" + Ac. -_ ^ ^/ ^// ^^^ 

Hence, by art. 7, . 
log. m m' m" &c. = log. m -j- log. m! -f- log. m" -\- &c. 

11. Corollary, If the number of the factors, m, to', &c* 
is n, and if they are all equal to each other, we have 

log. m TO TO &C. = log. TO '\' log. TO -f- log. TO -{- &C. 

or 

log. TO* = n log. TO ; , 
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that IS, the logarithm of any power of a number is 
equal to the logarithm, of the number multiplied by 
the exponent of the power. 

12. Corollary, If we substitute 
or 

in the above equation, it becomes 

log. p = n log. • p, 
or 

log. ^ p = !^i-P; 

ft 

that is, the logarithm of any root of a number is 
equal to the logarithm of the number divided by the 
exponent of the root. 

13. Corollary. The equation 

log. m m' =^ log. m, + log. m', 
gives 

log. m' = log. m, m' — log. m ; 

that is, the logarithm of one factor of a product is 
equal to the logarithm of the product dimmished by 
the logarithm of the other factor ; or, in other words, 

The logarithm, of the quotient is equal to the loga- 
rithm of the dividend^ diminished by the logarithm 
of the divisor. 

14. Corollary. We have, by arts. 13 and 9, 

log. — = log. 1 — log. n 

= — log. n ; 

that is, the logarithm of the reciprocal of a number 
is the negative of the logarithm of the nvmben 
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15. Corollary, Since zero is the reciprocal of in- 
finity, we have 

m log. = — log. 00 = — 00 ; 

that is, the logarithm of zero is negative infinity. 

16. Corollary. Since we have 

the logarithm of the base of a system is unity, 

17. Theorem, If the logarithms of all numbers 
are calculated in a given system, they can be ob- 
tained for any other system by dividing the given 
logarithms by the logarithm, of the base of the re- 
quired system taken in the given system. 

Demonstration* Let 6 be the base of the given system, 
and b' that of the required system ; and denote by log. the 
logarithms in the given system, and by log,' the logarithms 
in the required system. Taking, then, any number m, we 

have, by art. 7, 

b '''«f- •» = i», 
and 

bf '''«•' "• = »!; 
whence 

If we take the logarithms of each member of this equation 
in the given system, we have, by arts. 11 and 16, 

log.' m X Jog. b' = log m X log. b = log. m, 

or, dividing by log, 6', 

log.' m •= , Ti* 

® log. 6' 

23* 
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SECTION m. 

COMMON LOGAHITHMS and their USESw 

« 

18. The base of the system of logarithms in com- 
mon use is 10. 

19. Corollary, Hence in common logarithms, we have 
by arts. 16 and 9, 

log 1 = 0, 

log. 10 = 1, 

log. 100 = log. lOa = 2, 

log. 1000 = log. 103 == 3^ 

log. 10000 = log. 10* = 4, 

&rC., &C., 

also, 

log. 01 = log. 10-1 =_1, 

log. 001 = log. 10-« = — 2, 

log. 0001 = log. 10-3 = _ 3, 

&rC., &c. ; 

that is, the logarithm of a number^ which is conir 
posed of a figure 1 and cyphers, is equal to the nunir 
ber of places by which the figure 1 is removed from 
the place of units ; the logarithm being positive when 
the figure 1 is to the left of the units^ place, and 
negative when it is to the right of the units* place, 

20. Corollary, If, therefore, a number is 

between 1 and 10, its log. is between and 1, 
if between 10 and 100, its log. is between 1 and 2, 
if between 100 and 1000, its log. is between 2 and 3, 

and so on. 



>! 




^^i 
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But if between 01 and 1, its log. is between — 1 and 0, 
if between 01 and 0*1, its log. is between — 2 and —.1, 

and so on. 

Hence, if the greatest integer contained in a loga- 
rithm is called its characteristic, the characteristic 
of the logarithm of a number is equal to the num- 
ber of places by which its first significant figure 
on the left is removed from> the units^ place, the 
characteristic being positive when this figure is to 
the left of the tmits* place, negative when it is to the 
right of the units^ place, and zero when it is in the 
units^ place. 

21. Logarithms have been found of such great ^ \ l 
practical use, that much labor has been devoted to ^ 
the calculation and correction of logarithmic tables, i^^ 
In the common tables they are given, to 5, 6, or 7 « 
places of decimals. In almost all cases, however, • . Z 
5 places of decimals are sufficiently accurate ; and 
it is, therefore advisable to save unnecessary labor, 
and avoid an increased liability to error, by omitting 
the places which may be given beyond the first 
five. 

22. Problem. To find the logarithm of a given 
number from, the tables. 

Solution. First. Find the characteristic by the 
rule of art. 20. 

The characteristic is the most important part of the loga- 
rithm, and jet the unskilful are very apt to err in regard to 



.^ 
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it, not appearing to consider that an error of a single unit 
in its value will give a result 10 times as great or as small 
as it should be. 

If the characteristic thus found is negative^ the 
' negative sign is usually placed above it, that this 
sign may not be referred to the decimal part of the 
logarithm, which is always positive. But calcula- 
tors are in the habit of avoiding the perplexity of a 
negative characteristic by subtracting its absolute 
value from 10, and writing the difference in its 
stead ; and, in the use of a logarithm so written, it 
must not be forgotten that it exceeds the true value 
\ by 10. 

Secondly, In finding the decimal part of the loga- 
rithm, the decimal point of the given number is to 
be wholly disregarded, and any cyphers which m,ay 
precede its first significant figure on the left, or fol- 
low its last significant figure on the right are to be 
emitted. 

When the number thus simplified is contained 
within the limits of the tables, which tae shall re- 
gard as extending to numbers consisting of four 
places, the decimal part of its logarithm is found in 
a horizontal line with its three first figures, and in 
the column below its fourth figure ; the second, third^ 
and fourth figures ^ when wanting, being supposed 
to be cyphers. 

When the number consists of more than foui 
places, and is therefore, beyond the limits of the 
tables, point off its first four places on the left and 
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consider them as integers, regarding the other places 
as decimals. 

Care must be taken not to confound the decimal point 
thus introduced with the actual decimal point of the num- 
ber, of which it is altogether independent. 

Find, in the tables, the decimal logarithm corrc 
spending to the integral part of the number thus 
pointed off; and also the difference between this 
logarithm and the one next above it, that is, the 
logarithm of the number which exceeds this integral 
part by unity ; this difference is often given in the 
margin of the tables. 

Multiply this difference by the decimal part of the 
number as last pointed off, and omit in the product 
as many places to the right as there are places in 
this decimal part of the number. 

The product, thus reduced, being added to the 
decimal logarithm of the integral part of the numr 
ber, is the decimal part of the required logarithm. 

23. Corollary. This process for finding the decimal part 
of the logarithm of a number, which exceeds the limits ol 
the tables, is founded on the following law, easily .deduced 
from the inspection of the tables. 

If several numbers are nearly equal, their dif 
ferences are proportional to the differences of their 
hscnrithms. 



1 



I '"■ I _^ 



24. EXAMPLES. 

Find the logarithm of 00325787. 
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Number corresponding to 


Logarithm. 


Solution. The characteristic is 
may be written 10 — 3 =i 7. 


— 3, instead of which 


F^ 


or the decimal part, the number 


is to be written 


and 


3257 S7 ; 

we have 


• 




log. 3258 — log. 3257 
now, multiplying by 


= 13 

•87 




and omitting two places 
on the right, 


91 
104 




we have 
which, added to log. 325 

• 

gives 
the required logarithm is 


11 
7 = 51282 


■ 

and 


51293; 



log. 00325787 = F51293, 

or, it may be written, 

7-51293. 

2. Find the logarithm of 1-8924. Ans. 0-27701. 

3. Find the logarithm of 757*823000. Ans. 887956. 

4. Find the logarithm of 000041359. 

Ans. T61657, or 6-61657 

5. Find the logarithm of 0-12345. 

Ans. H}9149, or 909149. 

6. Find the logarithm of 99998. Ans. 4:99999. 

25. Problem. To find the number corresponding 
to a given logarithm,. 

Solution. First, In finding the figures of the 
required number ^ the characteristic is to be neg' 
tpcted. 
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Number corresponding to Logarithm. 

When the decimal part of the given logarithm is 
exactly contained in the tables^ its corresponding 
number can be immediately found by inspection. 

But when the given logarithm, is not exactly con- 
tained in the tables j the number^ corresponding to 
the logarithms of the table which is next below it, 
gives the four first places on the left of the required 
number. 

One or two m^ore places are found by annexing 
one or two cyphers to the difference between the 
given logarithm, and the logarithm of the tables 
next below it, and dividing by the difference between 
the logarithm, of the tables next below and that next 
above the given logarithm. 

When tables are used in which the logarithms are given 
to five places, the accuracy of the corresponding numbers is 
never to be relied upon to more than 6 places, and rarely 
to more than 5 places; so that in finding the last quotient, 
one place is usually sufHcient. 

Secondly. The position of the decimal point of 
the required number depends altogether upon the 
characteristic of the given logarithm,^ and is easily 
ascertained by the rule of art, 20 ; cyphers being 
prefixed or annexed when required. 



26. EXAMPLES. 

1. Find the number, whose logarithm is 8*19325. 

Solution, We have for the logarithm of the tables neit 
below the given logarithm 

•19312 = log. 1560. 
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Multiplication of Logarithms. 

Hence 

the di^l between given \og. and log. 1560 z= 13, 
also log. 15G1 — log. 15C0 = 28, 

and the quotient 

tfS-O = 46 

gives the two additional places; so that the six places of the 

required number are 

156046 ; 

and the number is, therefore, 

156046000. 

2. Find the number, whose logarithm is 2*13511. 

Ans. 136 493. 

3. Find the number, whose logarithm is 1 *768SS. 

Ans. 58-7328. 

4. Find the number, whose logarithm is 0*11111. 

An8. 1-29153. 

5. Find the number, whose logarithm is 2^98357. 

Ans. 00962875. 

6. Find the number, whose logarithm, when written 10 

more than it shoald be, is 9*35846. 

Ans. 22828. 

27. Problem. To find the product of two or 7nore 
factors by me/ins of logarithms. 

Solution. Fiiid the sum, of the logaritl/ims of the 
factors^ and the 7iu7nber, of which this sum is the 
logarithm, is^ by art. 10, the required product. 

When the logarithm of any of the factors is writ- 
ten, as in art. 22, 10 more than its true value, as 
many times 10 should be subtracted from the result 
as thc7'e are siwh losrarithms. 
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Involution by Logarithms. 



28. EXAMPLES. 

1. Find the continued product of 78052, 06178, 341000, 
100-008, and 0009. 

Solution. We find, from the tables, 

log. 78052 = 1-89238 

10 -(-log. 0-() 178 = 9-79085 

log. 341000 = 5-53275 

log. i00008 = 2 00003 

10 -j- log. 0-0009 = 6-95424 

log. 1479960 6n":025 

and the required product is 

1479960. 

In the sum of the preceding logarithms 20 was neglected, 
becaHse two of the logarithms were written 10 more than 
they should be. 

2. Find the continued product of 00001, 7,9004, 0*56, 

032569, and 178991. 

Ans. 0-257792. 

3. Find the continued product of 3' 141 6, 0*559, and 

6401. 

Ans. 112-41. 

. 4. Find the continued product of 3*26, 0*0025, 25, 

and 0003. 

Ans. 0-00000611257. 

29. Problem. To find any power of a given 
number by means of logarithms. 

Solutiofi. Multiply the logarithm of the given 
number by the exponent of the required power, and 

24 



278 LOGARITHMS.. [§ III 



Evolution by Logaritbins. 



the number, of which this product is the logarithm^ 
iSy by art. 11, the required power. 

When the logarithm of the given number is writ" 
ten 10 more than it should be, as many times 10 
must be deducted from the product as there are units 
in the given exponent. 

9 

30. EXAMPLES. ^ 

1. Find the 4th power of 0*98573. 

Solution. We have, by the tables, 

10 + log. 98573 z= 9 99375 



multiply by 



10 + log. 9440G = 9 97500 

and the required power is 

0-94406. 

In the above product, 40 should have been neglected, but 
in order to avoid a negative characteristic, only 30 was 
neglected, leaving the exponent 10 too large. 

2. Find the 3d power of 0-25. Ans. 0015625. 

3. Find the 7th power of 3-1416. Ans. 3020-28. 

4. Find the square of 0031422. 

Ans. 000000987325. 

31. Problem. To find any root of a given num^ 
ber by means of logarithms. 

Solution. Divide the logarithm of the given 
number by the exponent of the required root, and the 
number, of which this quotient is the logarithm, ii, 
by art. 12, the required root. 
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Evolution by Logarithms. 

When the logarithm of the given number has a 
negative characteristic^ instead of being increased 
by 10, it should be increased by as many times 10 
as there are units in the exponent of the root, and 
the quotient will in this case^ exceed its true value 
by 10. 

32. EXAMPLES. 

1. Find the fifth root of 0028145. 

Solution, We have, by the tables, 

50 -j- log. 028145 = 48-44940, 

which, divided by 5, gives 

10 + log. 0-48964 = 9-68988, 

and the required root is 

0-48964. 

2. Find the cube root of 0-002197. Ans. 0-13. 

3. Find the 10th root of 0-000000001. Ans. 12589. 

4. Find the square root of 238149. Ans, 15-4317. 

-33. The arithmetical complement of a logarithm 
is> the remainder after subtracting it from 10. 

34. Corollary, The arithmetical complement of 
the logarithm, of a number is, by art, 14, and the 
preceding article, the logarithm of its reciprocal in- 
creased by 10. 

35. Corollary, The most convenient method of 
finding the arithmetical comjdement of a logarithm 
is to subtract the first significant figure on the right 
from, 10, and each figure to the left of this figure 
from 9. 
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Arithmetical Complement. 



36. EXAMPLES. 

1. Find the arithmetical complement of 9*62595. 

Ans. 0-37405. 

2. Find the arithmetical complement of the logarithm 
of 6. Ans, 9 22185. 

3. Find the arithmetical complement of the logarithm 
of 007. Ans. 11-15490. 

4. Find the reciprocal of 0*01115. 

Solution, We have, by the tables, 

log. 0*01115 (ar. CO.) 11*95273 
subtract 10' 



log. 89*686 1*95273 

and the required reciprocal is 

89-686. 

5. Find the reciprocal of 2330. Ans. 000042918. 

6. Find the reciprocal of 68-99. Ans. 0014494. 

37. Problem. To find the quotient of one number 
divided by another by means of logarithms. 

Solution. Subtract the logarithm of the divisor 
from that of the dividend^ and the ntimber, of which 
the remainder is the logarithm, is, by art. 13, the 
required quotient. 

Or, since, by art. 81, multiplying by the reciprocal 
of a number is the same as dividing by it, add the 
logarithm of the dividend to the arithmetical complex 
ment of the logarithm of this divisor, and the sum 
diminished by 10 is the logarithm of the quotient 
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Division by Logarithms. 

When the logarithm of the dividend is written 10 
more than its true value, 20 must be subtracted from 
the sum, instead of 10. 



38. EXAMPLES. 

1. Divide 0-01478 by 0-9213. 

Solution. We have, by the tables, 

10 + log. 001478 8-10967 

log. 0-9243 (ar.co.) 10-03419 

10 + log. 1 599 8-20386 

and the required quotient is 

001599. 

2. Divide 00815 by 00025. Ans. 326. 

3. Divide 40 32 by 2240. Ans, 0018. 

4. Divide 0-875 by 25. Ans. 035. 

5. Divide 0013 by 013. Ans. 01. 

39. Corollary, The value of any fraction may 
be found by adding together the logarithms of all 
the factors of the numerator and the arithmetical 
complements of the logarithms of all the factors of 
the denominator, and subtracting from the sum as 
many times 10 as there are arithmetical complements 
plus as many times 10 as there are logarithms of 
the factors of the numerator, which are written 
greater than their true value by \Q \ the re^nainder 
is the logarithm of the fraction. 
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Various Examples of the ase of Logarithms. 



40. EXAMPLES. 

1 Find the value of the fraction 

(0 327)' X %/ 19 81 
(1-23)* X (0 005)2 

Solution. We have, from the tables, 

10 + log. (0-327)7 6-60185 

Jog. -v/ 19 81 0-64844 

log. (l'23)i (ar. co.) 9-97003 
log. (0 005)2 (ar. co.) 14 60206 

log. 66-433 1-82238 

and the required value is 

66-433. 

2. Find the value of the fraction 



^ /O 365 X %/ 2\ 
^V 788 / 



Ans. 0-2308. 



3. Find the value of the fraction 

/ 347 X ^ 0-0073 \ 

126 X v^ I ^^^ 1.0606, 

41. Corollary. The logarithm of the fourth term 
of a proportion is found by adding together the 
arithmetical complement of the logarithms of the 
first term, and the logarithms of the second and 
third terms. 
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Various Examples of the use of Logarithms. 



42. EXAMPLES. 

1. Find the fourth term of the proportion 

963 : 1279 = 8-7 : x. 



Solution* 



and we have 



log. 963 (ar. co.) 701637 
log. 1279 3- 10687 

log. 8-7 0-93952 

log. 11-555 1-06276 

x= 11555. 



2. Find tho fourth term of the proportion 

0138 : 0-319 = 76-5 : x. 

Ans. X z= 1768-3. 

43. Problem. To solve the exponential equation 

a' = m, 
by means of logarithms. 

Solution. The logarithms of the two members of this 

equation give 

X log. a =. log. m ; 
hence 

log. m 

log. a * 
or 

log. X = log. log. m — log. log. a ; 

that is, the root of this equation is equal to the 
logarithm of in divided by the logarithm, of a, and 
this quotient may be obtained by the aid of loga- 
rithms. 
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Exponential Equations. 



44. EXAMPLES. 

1. Solve the equation 

G25» = 3125. 

Solution, We have, from the tables, 

log. 3125 = 3 49485, 
log. 625 = 2-79588; 



and also 



hence 



log. log. 3125 = log. 3-49485 = 054343 
log. log. 625 = log. 279588 = 044652 

log. X = log. 1-25 0^09691 ; 



«= 1-25. 



2. Solve the equation 



3* = 15. 



3. Solve the equation 



10* = 3. 



Ans, X = 2*464, 



Ans, X = 0-477 



THE END. 
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